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Chapter Zero

Introduction

A tale told by an idiot,
Full of sound and fury,
Signifying nothing.
Shakespeare, Macbeth
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0.1 Introduction

Probability theory, from its very beginnings, has carried a strong whiff of determinism.
Even Bernoulli [8] in 1713 thought that just as backward peoples still gambled on
eclipses that science could now predict, some day gambling on coins and dice would
seem equally primitive once mechanics was perfected (quoted in Gigerenzer et al. [20]).
Nowadays randomnessis accepted in its own right as a natural phenomenon, arising in
a wide class of cases from the emergent uncertainty of large-scale deterministic systems
to the quantum uncertainty of the very small. However, the feeling that randomness is
untidy and that (almost) certain results are better ones lingers on. Indeed, sometimes,
the theory of random events resembles Wittgenstein’s philosophical ladder — we
climb up it only to throw it away, to be left with a better view of the deterministic

world.

One of the earliest, and still popular, methods of removing uncertainty from
some random quantities was to take an average of them, in the hope that the stochastic
fluctuations would cancel out. The simplest average is of course the sample mean,
which weights each of the samples equally. We shall call averages of this type Cesaro
averages. These averages are the subject of the Laws of Large Numbers, the Central
Limit Theorem, and Large-Deviation results which give us certainty (almost sure lim-
its), distributional information (asymptotic normality), and extreme value likelihoods.
The importance of these truths in Statistics and elsewhere can be measured by the

amount of effort expended on obtaining, generalizing and developing these results.

If the samples all have the same status, then the Cesaro average is the natural
one, but if the symmetry between them is broken, then it is less so. We might think
of our samples as being a time-series of values from some stochastic process. In, say,
an economic context a value now is worth more than the same (nominal) value at a
later time. Similarly in control theory, current events are privileged over discounted
future events. Mathematically, we would take an average where the weights are not
equal but depend on the time position of the sample. For exponential or geometric

discounting it is natural to call such a sum the Abel average.

In this work, we find analogues of existing theorems for both Abel and more
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general averages, as well as completely new results about averages. Although much
of the work has the advantageous property that it holds true for a general average and
process whenever proved true for the Cesaro average, other parts are derived from
different considerations using a fresh approach. In the latter case it has proved of
considerable technical ease to work in the context of finite state Markov chains. It is
clear what more general corresponding results would be, but we shall not attempt to

prove them here.

In the last two Chapters, the focus shifts from time discounted integrals of the
local time to more basic questions concerning the existence and continuity of the local
times themselves for some particular Markov processes. Although the general theory
has been much studied and understood, we will find straightforward methods where
possible, as well as working within the existing framework. Chapter Five is concerned
with the construction and analysis of Markov chains on the infinite binary tree, with
reflection off the end of each infinite branch. We discover exact conditions for the
regularity of boundary points, as well as for the existence of a jointly continuous
version of the local time. This allows the construction of a Markov process on the
Cantor set, which is quite different from the recently much-studied Brownian motion

on a fractal type of process.

Finally, the ultimate Chapter creates a continuous space analogue of the tree
process. In two-dimensions, a typical diffusion, such as Brownian motion in the
plane, never revisits a point, so it does not have a local time. In Chapter Six we shall
construct the local times of some particular two-dimensional diffusions on a special
one-dimensional subspace, and show that they are jointly continuous in both time and
space under some exact conditions. Conditions for recurrence of the process are also

derived.
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0.2 Outline

Our basic object of study will be the average at discount rate A of the occupation

measure of a stochastic process X, Ay, where

A)\ = )\/ m(At)5X(t) dt.
0

Here A, is an element of the space of probability measures on the state space of X,
and m, the discount function, is a density on RT. The Cesaro case is when m is the
indicator function of [0, 1], and the Abel case is when m(t) is e~*. For X a diffusion,
we generally abuse notation and write A for Ay(R"), but for X a finite state Markov

chain, we continue to treat A, as a measure (a point on a simplex).

Our principal questions concern the search for expressions for the following;:

Exact distribution of A,

Symmetry characterizations of the distribution of A,

Asymptotics of the distribution of Ay (for fixed \)

PDE’s governing the density of Ay

Strong Law and Central Limit Theorem for Ay (as A | 0)

Large Deviation Principle for Ay (as A | 0)
e Finer density expansions for Ay (as A | 0)

Where we seek answers for various classes of discount (Cesaro, Abel, general) and for

various processes (Brownian motion, Ornstein-Uhlenbeck, Markov chain, general).

Some of these questions have been studied before, especially in the Cesaro cases.
For instance, we know that the Cesaro average of a Brownian motion has the arc-
sine distribution (Lévy), and that of an Ornstein-Uhlenbeck process has the uniform
distribution. Both these distributions are members of the beta family of distributions,
and we shall see further such examples in the Abel cases (if only because of the paucity

of analytic distributions on [0, 1] for exact solutions to belong to).

The symmetric characterizations (for the Abel case only) not only provide speedy

verification of the above results, but also give the distribution asymptotics through
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some careful analysis and use of Tauberian theorems. The Strong Law and the Central
Limit Theorem follow immediately from existing theorems and other results derived

here.

Of the great amount of recent work in the theory of large-deviations ever since
Donsker and Varadhan [16], many notable papers, such as de Acosta [1] have concen-
trated purely on the discrete-time Cesaro average. Others, including Nummelin [29]
and Jain [23], have looked at functions of the form ¢! f(f f(Xs) ds, which can be made
to fit our framework by taking X to be the Markovian space-time process associated
with the original process. However, this approach leads to awkwardness in the condi-
tions to be satisfied and the expressions derived, and does not lead to the exact forms
which we will derive ourselves (albeit in a much more restricted case). Nevertheless,
as remarked above, if the large-deviation property holds for the Cesaro case then we
can extend it using our theorems to the other cases, so to our extend our own results
to, say, infinite state Markov chains, the paper of Chen and Lu [14] and others will

surely be useful.

0.3 Summary of Results
Let us give a flavour of the results which will be obtained.

Theorem (Large-Deviations). Suppose that X is an irreducible Markov chain on a finite

state-space S, with Q-matrix ), and C is the Cesaro average defined as

1 t
Cy = —/ 0x, ds,
t Jo

taking values in M;(S), the space of probability measures on S. Then the large-deviation

property holds for C; with rate function I defined on M;(S):

limsupt'logP(C; € F) < — inf I(2),

t—o0 zeF
.. -1 .
htrgg}ft logP(Cy € G) > —mlIG’lg I(x),

for F and G respectively closed and open subsets of M(S). The function I is given by the

expression
i
I(z) = sup —inqJ L.
he®@bs g5 M
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Further, let m be any density on [0, 00) and A be defined as the average
A)\ = )\/ m()\t)(SXt dt,
0

also taking values in My(S). Then the large-deviation property holds for Ay as X goes to 0
with rate function K given by

K(x) = sup <<v,m> —/ sup ((m(t)v,y) — I(y)) dt) .
vERS 0 yeMi(S)
Or more naturally,
K*(v) = / I (m(t)v) dt,
0
where x denotes convex conjugation (Legendre transformation).

Theorem (Central Limit). Under the same conditions, if m is of bounded variation and m is

the invariant distribution of X, then

A)\—ﬂ' D —
7 = N(0,Hg'(m)),  asA L0,

where H  is the Hessian of K on Mi(.5).

Theorem (Density asymptotics). Under the same conditions, and if f} is the density of Ay
on M (S), starting X in state i, then

NI

w

M)~z ()e K@)~V (det Hye())?,  asA L0,

(2

where z(x) is the (unique) positive eigenvector of Q + diag(moV K (x)), and where ‘~ means

that the ratio of the two sides tends weakly to 1 (in the sense of Corollary 4.17).

Theorem (Distribution asymptotics). Let X be a stochastic process on R and let F)y be the

distribution of the Abel average Ay
Ay = /\/ G_MIR—Q— (Xt> dt.
0
(1) If X is Brownian motion, then F is independent of X\ and

Fy(x Ni asz | 0.

m/log(1/z)
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(2) If X is the recurrent Ornstein-Uhlenbeck process generated by the SDE dX = dB—3vyX dt,
and Xy = 0, then

Fy(x) %m%(l"M/)‘), asx |0,
where f(x) ~ g(x) means that f /g tends to a positive limit as x goes to 0.

(3) If X is a symmetrisable Markov chain then, replacing In+ by Iy, in the definition of Ay,

we have that

FA(:c)%:ﬂ/)‘, asx | 0,

where ~y is the minimal positive eigenvalue of the submatrix of (—Q) formed by deleting the ith

row and ith column.

There are nonetheless many questions unanswered. It is clear that there should
be analogues of the finite state Markov chain results not only for countable state
processes but also for continuous space ones. In the economics context especially one
would expect the discount shape itself to be random and possibly not independent of

the process itself.

The two local time theorems about the discrete and continuous space cases
respectively can be summarised as follows. Fuller details of their construction and

behaviour can be found in Chapters Five and Six.

Theorem (Binary Tree process). There is a Markov chain X on the binary tree which
makes up-jumps from level n to level n — 1 at rate p,,, and left and right down-jumps from

level n to level n + 1 at rate 3 \,,, and which reflects off the boundary on explosion. Then

(1) X is positive recurrent <= Y m, < 0o, and then

1

N ApTn

(2) X reaches the boundary in finite time <= ) < 00, and then

(3) any (and hence each) boundary point is reqular <= > b, < oo, and then

(4) there exists a jointly-continuous local time on F <= > +/1c, < oo, and then
(5) X has visited all the states of F' by a finite time,

n (e%e]

where mp, == (Ao ... Ap—1)/(111 - fin), by == /\iﬂn, and ¢, == _ by
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Theorem (Continuous space process). There is a process Z in the upper half-plane, whose
vertical component Y is a Brownian motion reflecting off 0, and whose horizontal component
X is governed by the stochastic differential equation dX = o(Y) dW, where W is a Brownian
motion independent of Y, and o is a positive function which is locally square-integrable on
[0,00). Let Ry be the z-axis, the boundary of the domain of Z. If o is slowly varying enough
at 0 and infinity (see Corollary 6.9 and Theorem 6.11) then

(1) any (and hence each) point of Ry is reqular <= / — < oo, and then

(2) Z has a jointly-continuous local time on Ry <= / " M < 00, and then
JOEy 0 Slog(1/2)

(3) Z will visit all the points of any compact subset of Ry by a finite time <= / dt = 00,

where *(y) = [y (ta(t))_1 dt

We shall also discover how conditions (3) and (4) of the Binary Tree theorem can
be seen as merely discrete versions of conditions (1) and (2) of the Continuous Space

theorem.

Provenance and prior Publication

Chapters One and Two are joint work with David Williams, and articles based upon
them have been published in the Mathematical Proceedings of the Cambridge Philosophical
Society (Baxter and Williams [3] and Baxter and Williams [4]). Chapter One is mostly
due to Williams, with the exceptions that part of the proof of Theorem 1.2, and the first
half of the proof of Theorem 1.1 are due to Baxter. In Chapter Two, Proposition 2.4 is
due to Williams, Lemma 2.2 is due to Baxter, and Theorems 2.1, 2.3, 2.5, and 2.6 are

joint work.
An earlier version of Chapter Three has been published as Baxter [5].
Chapter Five has appeared in Séminaire de Probabilitiés XX VI (Baxter [6]).

The first three Sections of Chapter Six are being published in the Mathematical and
Physical Sciences Proceedings of the Royal Society (Baxter [7]).



Chapter One

Symmetry Characterizations

To probe a hole we first use a straight stick

to see how far it takes us. To probe the visible
world we use the assumption that things are
simple until they prove to be otherwise.

E. H. Gombrich, Art and Illusion
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1.1 Introduction and Summary

We begin by studying just one distribution and investigating ways of characterizing
it using symmetry properties. The distribution, which began our initial study, is the
exponential (or Abel) discount of the time spent by a Brownian motion in the half-line,
or in other words a discounted version of the arc-sine law. Theorem 1.1 gives two
symmetry properties which characterize this distribution, and Theorem 1.2 derives
from them some asymptotic information about it. Section 1.5 begins a generalization
process, which continues in Section 2.4 of Chapter Two, by deriving similar symmetry
characterizations for symmetric diffusions, which involve the law of the diffusion’s
excursions from 0. In Sections 1.6 and 1.7, numerical analysis is used in an attempt,
so far abortive, to identify the distribution, although values of its density at various

points are calculated.

Let H be the function on R defined by

_JO0 ifz <0,
H<x)'_{1 if 7 > 0.

Let B = {B, : t > 0} be Brownian motion on R starting at 0.
The layman’s intuition (and ours) is that as ¢ — oo, it should be the case that
H(B;) — 3 in some average sense.

(For confirmation of the layman’s intuition, see Bingham and Rogers [11].) Brownian
motion has the scaling property that for ¢ # 0, {¢c"!B(c?t) : t > 0} is also a Brownian

motion starting at 0. It therefore follows that the distribution of the Cesaro average
t
Cy:=1t"1 / H(B,)du (t>0)
0
is independent of ¢. Lévy’s arc-sine law states that for 0 < x < 1,

P(Cy < z) = 2 arcsin (/7).

™

Abel averaging is generally ‘stronger’ than Cesaro averaging, (though not for
bounded functions such as H). We would say that H(B;) — 3 in Abel’ssenseif Ay — 3
as A | 0, where

Ay = /OOO Ae M H(B,)du (A >0).
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However, Brownian scaling shows that the distribution function F' of A, is indepen-

dent of \.

The problem of calculating

where

A::/0 e “H(B,)du, (1.1)

proves to have several very strange aspects. It is important to realize that A is not the
value C; of C at an exponentially distributed time independent of B. The problem of
calculating the distribution of A is a Feynman-Ka¢ problem (see Section 1.3) about the
space-time process {(¢, B;)}, and is in principle ‘one dimension up’ from the arc-sine

law.

Since A is a random variable with values in [0,1], its distribution is determined

by its moments

1
tp = E(A™) = /0 2"dF(x) (n=0,1,2,...).

Clearly, the u,, can be evaluated by calculating some complicated integrals involving
the Brownian transition density function. In Section 1.2, we explain a ‘double recur-
sion’ based on two ‘symmetry’ properties which allows us to find the first few p,

easily.

The values of the first few moments of A are as follows:

_, 1 1 _3-V2
Ho y M bR H2 2\/57 M3 4\/§ )
_3V/3-v2-V6
M4 = 4\/5 )
- 15V/3-v2-5V6-10
U5 = 82 g
12v/2 — 30v/3 — 304/5 + 10v/6 — 3v/10 + 45v/15 — 15v/30
He = 16\/5 .

It may well be the case therefore that there is no closed-form expression for F'. The list

of values of 11, for n < 6 helps hint at the fact that even for moderate n (such as n = 25),
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rounding errors (even in ‘double precision” programs) can cause serious problems in

calculating 1, numerically. See Section 1.6.

In case you are interested in trying to guess the probability density function f4
of A (and for an important reason mentioned at the end of this Section), we give in
Table 1.1 values which we believe to be correct rounded to the accuracy shown. See

Section 1.7. Values of the arc-sine density fc are given for comparison.

Table 1.1: some values of fa and fc:

x 1/32 1/16 1/8 1/4 1/2
fa(z) 1.44124 1.18554 0.999632 0.87253948 0.814977
fo(z) 1.82944 1.31500 0.962479 0.73510519 0.636620

The ‘number-theoretic” exact expressions for the u,, givenoidea of the asymptotic
behaviour of the (u,,) sequence, and hence do not help to determine the behaviour of

F(z)as z | 0. Nor are the values in Table 1.1 of much help.

Of course, one can use the arc-sine law as a comparison to obtain estimates on F'

such as
. F(x) 2/
lim su < —), 1.2
F(x)\/log1
liminf L &VI08 /e 2 (1.3)

3

210 N

Proof of (1.2) For every t,

t
A > e_t/ H(B,)ds = te 'Cy,
0

so that
P(A < z) <P(C; < ze'/t) = (2/) arcsin y/wet /t.
Since the minimum value of €'/t is e, result (1.2) follows. U

Proof of (1.3) For every ¢, we have

t
Ag/ H(B,)du+ e ",
0



1.1 Symmetry Characterizations 13

whence

P(A <) > P <tz — )] = Zaxcsiny/{z — e )/t
s

Choose t to maximize (z — e~ *)/t, so that
A+t)et=z, (r—e)/t=et=z/(1+1).

Asz | 0,t ~logl/z, and result (1.3) follows. O

The argument we have used to obtain (1.3) seems rather crude. However, it
yields the best possible result, and although we cannot see but quite why this is so, we

will meet this situation again for a class of distributions in Section 4.2.

Theorem 1.1 The distribution function F of A satisfies the asymptotic relation:

e
! my/logl/x

Equivalently (because of Tauberian theorems and (1.6a) — see later),

as z | 0. (1.4)

oy, ~ (Wnlogn)_% (n — 0). (1.5)

(As usual, the ~ symbol signifies that the ratio of the two sides tends to 1.)
Proof of Theorem 1.1 In Section 1.4 O

Theorem 1.2 The distribution of A is characterized by the following two ‘symmetry’ proper-

ties:
A and 1 — A have the same distribution, (1.6a)
Eh(—aA) = —e " “Eh(al) (o €R), (1.6b)
where, for z € R,
= 2" /n 1 (1 zet2dt
h(z) := T; n\'/_ = 7 ) W. (1.7)
Proof of Theorem 1.2 See Section 1.2. O

Hardy [21] showed that

h(z) ~ 2l (z = +00), (1.8)
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—h(—2) ~ (rlogz)~? (2 — +00). (1.9)

(Of course, because of (1.6a), we nowadays see both (1.8) and (1.9) as consequences of
the “Abelian” half of Karamata’s “Tauberian’ Theorem — see Theorem 1.7.1” of Bingham

etal. [10].)

Theorem 1.1 is proved in Section 1.4 by considering (in the light of Hardy’s
results) the behaviour of (1.6b) as & — oco. One has to be rather careful in the use of

uniform-integrability properties and the like to prove that
Ee 4 ~ (ralog a)_% (¢ = +00), (1.10)

which, by Karamata’s Tauberian Theorem proper, implies the desired result (1.4).

As was remarked before the statement of Theorem 1.1, it would be satisfying to
understand in probabilistic terms why that theorem is true. In a sense here, we have
too many trees and not enough wood. By the time we reach Chapter Four, the view

may be clearer.

Table 1.1 helps emphasize that the terms in the asymptotic-series expansion
for F' near 0 (of which Theorem 1.1 provides the first) decrease only very slowly in

magnitude.

1.2 Proof of Theorem 1.2

There is a very quick method for calculating the moments p,, (n > 0).

We allow our Brownian motion B to start at an arbitrary point = of R, and write

P? and E® for the corresponding probability and expectation. Thus P = P?, E = E°.
For o € R, define

(o, ) := E%e4, (1.11)

We exploit an obvious symmetry
D(a,z) = E%e = BP0 — 02P(—q, —x). (1.12)

Next, we note that if

Ty = inf{t : B, = 0},
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then, for z < 0, and n € Z*, the strong Markov property shows that

E¥(A™) = E® <{e—To /OO e " H (Br, 1) du}n) (1.13)
0

:]Ex(e—nﬂulhlzzﬂnemVEE.

From (1.11) and (1.13), we obtain

e n xV2n
Bla,z) =Y o pn € (z <0). (1.14)

n!
n=0

All we need to know in order to calculate the moments p,, (n > 0) is that

for fixed o, x — ®(«, ) is continuous at z = 0, (1.15a)

for fixed a, x — ®(«, z) is differentiable at x = 0. (1.15b)

For proof, see Section 1.3.

On combining (1.12), (1.14) and (1.15), we derive

= anﬂn _ o« = C_a>nﬂn

3o e g ) (1.162)
n=0 n=0

N A" V2R e ()" V20

Of course, (1.16a) just repeats the fact that A and 1 — A have the same distribution

under P. On comparing coefficients of a” in equations (1.16), we obtain

fin = §<—1>k(’;)uk, (1.17a)

o = VB3 (1) () VR, (1.17b)

k=1

equation (1.17a) recursively giving 1, for odd n, and (1.17b) giving 1, for even n —

with no contradictions in the other cases. (Of course, 1o = 1.)

Deriving (1.6b) is now a very easy exercise, and is left to the demanding reader. [
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1.3 The Feynman-Ka¢ approach (modified)

The fact that x — ®(«a, x) is differentiable at x = 0 was crucial in Section 1.2, and
one of the advantages of the Feynman-Kac approach is that it allows us to prove this
differentiability property. (Warning: for a # 0, the map =z — ®(«, x) is not twice
differentiable at z = 0.)

Define
At = / G_UH(Bu>d’U, = G_t/ G_uH(Bu+t)dU
t 0

and note that -
d
eO‘A —-1= eaAO - eO‘AOO = —/0 % (eO‘At)dt

:a/ e ' H(By)e* At dt.
0

Now,

Hence

O, z) :=E*(e) =1+« /OOO e '"E*{H(B,)®(ae™", B,)}dt,

so that we have the following integral equation for ®:

O(a,z) =1 —|—a/ / e "H(y)®(ae ", y)p(t, x,y)dydt, (1.18)
t=0 =—00
where p denotes the Brownian transition density function. Thus

Lo w)? /2t
O(a,z) =1 —|—a/ / ———— ®(ae !, y)dydt. (1.19)

(The multiplicative property of the exponential function has allowed the collapsing of

a dimension.) At least formally, we have

aq) (a, @ —a/ / { p(t,x y)}q)( ~t y)dtdy. (1.20)

If, for ¢ € R, T, (or T'(c)) denotes the hitting time inf{t : B; = c}, then

0
P(T,_, € dt) = sgn (y — w)%p(t,fﬂ, y)dt.
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Hence, the not-yet-proved formula (1.20) may be written:

@ oo
g_:c (o, z) = S(a, ) := aEO/ sgn (y — z)e  T0= 2B (ae~TW=2) 4)dy. (1.21)
0
However the expression S(a, x) is very well behaved. Firstly, ®(ae~7(¢) y)is bounded
by el®l; secondly,

E0e—T(c) — exp(—\c|\/§);

and thirdly, each of the functions sgn (y —z), T'(y — ) is (almost surely) continuous in =
at a fixed x different from y. The Dominated-Convergence Theorem shows that S(«, z)
is therefore continuous in . Moreover, we may now easily justify an application of

Fubini’s Theorem to show that, for a < b,

/ S(a,x)dx = ®(a, b) — P(a, a).

Since

18> 9 0,9 (e
<§@—a)p—0 and <§+a8_a) [ae P (ae 7y>}_0’

it follows formally on applying 10?/9xz? to (1.18) and then performing an integration

by parts that
10°® 0P
—— H(x)® =a— : .
2 a2 +aH(x) Qo (x #0) (1.22)
Of course, deriving the modified Feynman-Kac¢ differential equation (1.22) adds

nothing because we have already obtained the separation-of-variables solution at (1.14)

and (1.12).

An outline of the classical Feynman-Ka¢ method may be found in Williams [39].
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1.4 Proof of Theorem 1.1

We begin by outlining the strategy.

We know from (1.9) that
—(rloga)? h(—aA) — 1 (o — +00). (1.23)
We shall prove below that
the family {(mlog a)% |h(—aA)| : a = 1} is uniformly integrable. (1.24)

(Williams [40] contains a reminder about uniform integrability.) It therefore follows
that
“Eh(—aA) ~ (rloga)~? (@ — +00). (1.25)

(Indeed, given (1.23), results (1.24) and (1.25) are equivalent.) Moreover, property
(1.6a) shows that

Eh(aA) = Eh(a(l — A)) (1.26)
= a%eaE[R(oz, 1-A4)(1- A)%e_O‘A]

where
Rla,1— A) e e =4) (1.27)
{a(1 - A)}ieati=4)
Now, from (1.9),
Rla,1—A) -1 asa— +oo, (1.28)

and results (1.26) and (1.28) make it plausible (we shall see shortly that it is true) that
Eh(aA) ~ ae®E(e™4) (@ — +00). (1.29)

From (1.25), (1.29) and (1.6b), we deduce (1.10) which implies Theorem 1.1.

Proof of (1.24) Set
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and for o > 1, define

=
=

Xo = —(mloga)’h(—aA) = (rloga)?g(ad).

We must show that the family (X, : @ > 1) is uniformly integrable.

The function g : RT™ — R™* is continuous, and, from (1.9),
g(2) ~ (rlog 2)~F (2 — o0).

Hence, for some constants Ky and K,

NI—

0<g(2) <Ko (V220), 0<(rlogz)?g(z) < K1 (Vz=1).

Leta > 1. If A > o 3/% (so that a4 > 1), then

1
3
0< X, gKl{M} < 2K,
mlog aA

since log(aA) > (log ) /4. To put this another way, we have
{X, >2K;} C{A<a¥4
Thus
E(X2; X, >2K;) <E(X2;, A< a™¥*) < (rlog ) K3P(A < a3/%),
and it now follows from (1.2) that E(X2; X, > 2K;) — 0 as a — oc. Thus

K :=sup E(Xi; Xo > 2K1) < 00,
a1

and sup, E(X2) < 4K? + K, < co. We have shown that the family (X, : «

even bounded in £?, whence it is certainly uniformly integrable.

Proof of (1.29) For o > 0, define
d(—a) :=E(e™1).
Then (1.29) is equivalent to the statement that

EV(a) 1 asa— oo,

WV

19
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where

V(a) = R(a,1— A)(1 — A)2d(—a) le=0A,

Recall that

R(a,1— A) = h(Z.) {Zéeza} where Z, := a(1 — A).

Sincelog1/(1 —1t) > tfor 0 < t < 1, we have, for z > 0,

h(z) = 1 zell Dt < z€® /OO e
~Jo (/rlogl/(1—1t) o Vat '
so that
h(z) < z7¢* (2> 0), (1.30)
and
EV(e) <1 (a>0). (1.31)

Next, note that for0 < < < 1 (and a > 0),
E (e_o‘A; A< 77) > eo‘(‘s_”)IP’(A <n)E (e_o‘A; A> 5) ,
whence it is obvious that

d(—a)"'E (e_O‘A; A<0) =1 (a— o). (1.32)

For the moment fix  with 0 < § < 1. Lete > 0 be given. By (1.8), we can choose
ap(d) such that whenever a > «ap(d) and A < 0, we have R(o,1 — A) > 1 — . Then,

for a > o(9), we have

> (1-e)(1-68):d(—a) 'E(e—4; A < 6),

so that, by (1.32),

NI—

liminfEV (a) > (1 —¢)(1 — ). (1.33)

Since (1.33) is true for all € and 4 in (0,1) and since also (1.31) is true, the result follows.

O
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1.5 A generalization

The ‘mysterious’ symmetry property (1.6b) finds its natural setting in excursion theory
(see part 8 of chapter 6 of Rogers and Williams [33] for this theory), and may therefore
be studied in very general contexts. Here (for those who know the jargon) is a first

generalization of our earlier result to certain 1-dimensional diffusions.

Suppose for example that X is a diffusion process on R satisfying the stochastic
differential equation

dX = o(X)dB + b(X)dt, Xo=0, (1.34)

where o and b are nice functions on R, ¢ being positive and even, and b being odd. For

A > 0, define

Ay ::/ e MH(Xy)dt. (1.35)
0

Then the distribution of A is completely characterized by the following two symmetry

properties:
Ay and 1 — A, have the same distribution, (1.36a)
Eh)\(—OéA)\) = —G_O‘Eh)\(a/bj (CE S R), (136b)

where
1
ha(z) = / ze*tu[A " log 1/t, 0o]dt, (1.37)
0

where v is (some normalization of) the Lévy measure on (0, co] which describes the
durations of excursions from 0. If p is the transition density function of X, then
-1

/( 0’Oo](l — e "u(dt) = const. { /O h e %, (0, O)dt} . (1.38)

Excursion theory therefore reiterates the fundamental problem.

Result (1.36b) may be proved by the methods of this Chapter. Section 2.4 of
Chapter Two will both derive (1.36b) from a more fundamental result and relate that

proof to the methods used here by means of Lévy’s formula.
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1.6 Numerical analysis: finding the moments

The recursion scheme (in which g = 1 and)

n—1
n n
2= 3 (04} ) 2,

k=0

n—1
2" V20 = 3 (~1)H <Z) 2% 1 v/ 2k
k=0

22

(n odd), (1.39a)

(n even), (1.39b)

is equivalent to, but somewhat more stable than, that provided by equations (1.17).

Proof of (1.39a) Equation (1.39a) just asserts that

E[2A—1)"] =0 (n odd).

t

Proof of (1.39b) The following Lemma with a,, = p,, vV2n shows that the equations at

(1.39b) are linearly dependent on the even-n equations at (1.17b). (Section 1.5 makes

it clear that the Lemma is relevant in other cases too.)

l

Lemma 1.3 For a sequence a = (a,, : n=1,2,...) of real numbers, define

2r
Ey(a) = k (27“) ak +az (1> 1),

k

F,(a):=

> (1)
k=1
> (1)
k=1

Then there exist unique constants (c,, » : n > r > 1) such that

Fo(a) =) cnpEr(a) (n>1),
r=1

2
k(;)2kak (n>1).

(1.40)

Proof of Lemma 1.3 Standard linear-dependence considerations show thatitis enough

to prove that (1.40) holds whenever a has the form
ar = (% - %t)k7

in which case (with obvious abuse of notation)

Fo(t) =" =1, E.(t)=2""{(1+)* +(1

- t>2r} - 17



1.6 Symmetry Characterizations 23

and linear independence of the polynomials (in t?) E1, B», ..., E, shows that, for some

unique constants ¢,, »(n > r > 1) and ¢, o(n > 1), we have
n
Fo(t) =) cnrEn(t) + .
r=1

However, when t = 1, F,,(t) = 0 and E,.(t) = 0 (foralln > 1 and » > 1). Hence

cn,0 = 0 for every n. O

We had conjectured that the Lemma is true with

2n
= 221y 1.41
o= (50) , (1.4

where (b, : n =0,1,2,...) is the sequence of integers specified by

3 (2"22 1)22”—2kbk =1 (n>0). (1.42)
k=0

The first proof of the Lemma was then obtained, and in this strong form, by Kevin

Buzzard of Trinity College, Cambridge. He used a clever induction argument.

We then found the ‘abstract’ proof given above, and it reveals the whole structure.

For if we define integers (b, : n =0,1,2,...) via

2n

. 0
b, —— = sech?, 1.43
7;) (2n)! (143)

and define ¢, . as at (1.41), then the Lemma follows on comparing coefficients of "

in the identity
2(cosh 6t — cosh 0) = {cosh(1 + ¢)8 + cosh(1 — ¢)f — cosh 26 — 1}sech 6.

It is now merely an exercise in manipulation to show that (1.39b) amounts to (1.6b)

with 2a replacing o.

In order to calculate y,, up to n = 512 (using (1.39)) and to invert the moments (as
described in the next section) to obtain Table 1.1, we had to use Mathematica working
initially to 1400-digit precision! The numbers in the 2nd and 3rd columns of Table 1.2

are rounded to the last occurring digit.
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Table 1.2: some moments of A:

n

4

8
16
32
64
128
256
512

fin

0.2355459516514725
0.1518057773661884
0.0966634970812128
0.0615894446082279
0.0395051386283965
0.0255645569083701
0.0166932887256634
0.0109919876599126

(nlogn)%,un — ot

—0.0095212550729781

0.0549757768411142
0.0796315382569828
0.0844135009074081
0.0803237892749407
0.0729066024601239
0.0647654709911452
0.0570300854833243

1.7 Numerical analysis: moment-inversion formula

If X is arandom variable with values in [0,1] and with nice probability density function

fon[0,1], then, for0 <z < 1,

oo

In (1.44),

and for a sequence a = (ay : k =0,1,2,...), we define the sequence Da via

(See Exercise E18.5 in Williams [40], and extend it along the lines of Exercise E7.1 there.)

n

[na]

my, = E(X")

(Da)y, == ap — ap41

) (D”_[”x]m) ] — f(z) (n — o0).

(k=0,1,2,...),

(k=0,1,2,...).

Let X have the Beta distribution with density

/(=)

_ T+
INCINGD

where § > 0,7 > 0. Thenfor0 < < n,

n(?) (D"~m); =n

I'(n+1)

P11 -2t (0< 2 <),

I[(B+i) Tln—i+y) TB+7)

B+~v+n) T(i+1) T(n—i+1) T(BT(y)’
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and, since (see §4.42 of Titchmarsh [35]), for a > 0,
L(r+4a)/T(r) = r*(14+0(r™")) (r — 00),

we have

f(n,z) = f(z) +O(n™h), (1.45)

the error term being uniform over z in (§,1 — ) for any J in (0, ;). It seems reasonable
to suppose that (1.45) will hold when m is replaced by 1 and f by the unknown density
fa of A. Indeed, there is fairly strong numerical evidence of an asymptotic expansion

(for each z) of the form
fa(n,z) ~ fa(@)+ ) ap(@)n*,
k

and this idea was used in making the estimates at Table 1.1.



Chapter Two

Discounted Functionals

In completing one discovery we never fail to get
an imperfect knowledge of others of which we
could have no idea before, so that we cannot solve
one doubt without creating several new ones.

Joseph Priestley, Experiments and Observations
on Different Kinds of Air

26



2.1 Discounted Functionals 27

2.1 A large-deviations problems

As in Chapter One, we are mainly concerned with exponentially discounted additive
functionals. We find that the large-deviation behaviour of the average depends on the
precise average used. We derive, in certain cases, a link (but not equality) between the
Cesaro average and Abel average limits, and would expect that other averages would
produce other limiting behaviours. We focus still on the exponentially discounted
(Abel average) case, both because of its tractability and because of its frequent appear-
ance in decision/control problems and models of financial markets. We do give in
Section 2.4 the promised ‘excursion’ treatment of symmetry characterizations of the
type intimated in Chapter One; and this new treatment is simpler, more illuminating
and more general. First, however, we focus attention on a different kind of asymptotic
behaviour from that studied in Chapter One, and on differential equations for exact

results.

Let X be an irreducible continuous-parameter Markov chain on the finite set
S =1{1,2,...,n}, with @Q-matrix Q. For A > 0, define the random probability measure
A, on S by setting

Ax(i) == Ax({7}) ::/ e MI(X,)dt, (2.1)
0
where I;(j) := ;5 (¢,5 € S). By the ergodic theorem, we have almost surely (a.s.)
Ax(i) = m; as A |0, (2.2)

where 7 is the invariant probability distribution for X. One is therefore obliged to ask:
what is the associated large-deviation theory? One expects that, irrespective of where

X starts, we have (as A | 0) some kind of asymptotic formula:
P(Ay € dz) ~ exp{—A"'K(x)}meas(dz) (2.3)
for some rate-function K on the set
M = {(.Ii)ies cx; >0, ij = 1} CR"

of probability measures on S, where meas denotes the normalized Euclidean measure

of total mass 1 on the (n — 1)-simplex M. Indeed, in this case, one expects (2.3) to
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hold in the ultra-precise sense that if f} denotes the density of the distribution of Ay

relative to the measure meas, then
1;11(}A10g falx)=—-K(z), x€M. (2.4)

The standard precise form of the large-deviation principle is given in Theorem 2.1.

A heuristic appeal to ‘the Laplace-Varadhan principle” suggests that for any

function v on S,

E exp {/OOO e_’\tv(Xt)dt} =Eexp {/\_1 > viAA(z')}
~ /exp {)\_1 (Z ViT; — K(:U))} meas(dx).

Again, one expects this to translate into precise form:

lim A log E exp {/ e_Mv(Xt)dt} =n(v), (2.5)
AL0 0

where

n(v) = sup {Zvixi — K(m)} : (2.6)

reM

(3

The usual pattern of things in large-deviation theory would then give

K(x) = sup {Zvixi —n(v)}. (2.7)

vER™ i

Let us recall briefly the classical results on undiscounted occupation times in this
chain setting. These form a minor part of the Donsker-Varadhan theory. (For marvel-
lous treatments of the full theory, see Varadhan [36] and Deuschel and Stroock [15].)
Let

Cy(i) =t /Ot I;(X)ds, t>0. (2.8)

The Feynman-Kac formula allows one to prove that
t
}EiTmt_1 log E exp {/ U(Xs)ds} = 6(v), (2.9)
o0 0

where

d(v) :=sup{Rz: z € spect(Q + V)}, (2.10)
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where V denotes the diagonal matrix diag(v;) and spect(-) denotes spectrum (here, the
set of eigenvalues). The Perron-Frobenius theorem shows that é(v) € spect(@Q + V).
Deeper is the fact, at 4.2.16 of Deuschel and Stroock [15], that (in the large-deviation
sense of limit)

limt~'log f&(x) = —I(z), (2.11)

tToo
where f(tj is the density of C; relative to meas, and, from 4.2.17 of Deuschel and

Stroock [15],
I(z) = sup {Z viti — 5@)} . (2.12)

Moreover, I(z) has the alternative expression (Section 13 of Varadhan [36])
I(z) = sup{— >~ @ QM)i/hi i > 0. Vi}. (2.13)
In the case when X is symmetrizable in the usual sense that
Tiqij = Tj4ji, v<i7j>7 (2~14)

the optimal & for the right-hand side of (2.13) is given (modulo positive scalar multiples)
by

NI—

hj = (xj/m;)°. (2.15)

One can produce a heuristic argument which suggests that 7 is the convex func-
tion

1
n(v):/o a1 (aw)da, (2.16)

but proving this in general is going to be one of the highpoints of Chapter Four
and involves some technical detail. We now take a natural first step by proving the

following theorem. Further development will be made in Sections 3.2 and 4.3.

Theorem 2.1 Let X be symmetrizable. Then, irrespective of where X starts, the following

results are true.
(i) Equation (2.5) holds with n as at (2.16).

(ii) Define K to be the convex conjugate of n as at (2.7). Then the large-deviation principle

holds for Ay with rate function K: in other words,
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for any closed subset F' of M,

limsup AlogP(Ay € F) < —inf{K(x) : x € F},
AL0

for any open subset G of M,

lir/r\li%nf)\logP(A,\ €G) >z —inf{K(x):z € G}.

Proof of Theorem 2.1 In Section 2.5 O

Following Theorem 1.1, we can also derive a lemma about the behaviour of

the marginal densities at 0, whose proof will enable us to prove the exact result of

Theorem 2.3.

Lemma 2.2 Let X be symmetrizable. Let Fj(i) be the marginal law of Ay (i) starting X at j,
and let QU1 be the substochastic matrix formed by setting the i*" row and i*" column of Q to

0. Then .
FO(x) = k(aj +o(1))a">  (j #4),

| (2.17)
F’L‘(Z) (z) = k(a; + o(1)):c(7/>‘)+1 where o(1) - 0as x | 0.

Here k is a positive constant, and -y and the vector (a;) j£; are respectively the minimal positive
eigenvalue and non-negative eigenvector of —QU, and a; is i €5 /(A + 7).

Proof of Lemma 2.2 In Section 2.6 O

2.2 Symmetry characterizations for exact results

The ‘symmetry’ referred to in the title of this subsection has nothing to do with sym-
metrizability of the chain X; rather, it has to do with ‘symmetry in relation to change

in starting position’.
We do not now assume that X is symmetrizable.
There is no natural coordinate system for our set M of probability measures on

our state-space S = {1,2,...,n}. However each of the measures

dey...dxi—1dritq...dz,
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on the co-ordinate space M; := {(x;),=i : ; > 0, > x; < 1} induce the same measure
on M. For technical ease we must extend f* to a R” neighbourhood of M, but the
operators we shall use will be invariant to the extension chosen. Similarly on an edge

of M, such as M N {z; = 0}, all the measures
dry...dxi1dzipr ... drj_1drjpq ... doy,

on M; N {z; = 0} induce the same measure (for each j), which we call dx®,

It is possible to calculate the joint moments of A5(1),..., Ax(n — 1) in a similar
way to that used in Section 2.6. However, even in special cases, it is rather messy to
use moments to verify the form of the joint density. The following theorem allows

direct verification of the answer in certain circumstances.

Theorem 2.3 The family (f, ..., f;\) is characterized by (the fact that each f" is non-negative

and integrates to 1, and) the equations:
L = -ATQp, (2.18)
where L is the matrix differential operator

£ = diag (" (0; — dh);)

— i€S
JFi

using 0; to denote 0/0x;, with the boundary conditions that for each i:

lim fMy)dy® = 0. (2.19)
o0 M {y; ==}

Proof of Theorem 2.3 In Section 2.7 O

Note that Theorem 2.3 implies that

—(n = 1A= L(Alog f') + (n — 1)(Alog f) = (Qf )i/ f7"- (2.20)

These results make it plausible that if A satisfies a large-deviations principle with rate

function K, then

(L—0)K = —g, (2.21)
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where £ := Y ;0; = L; + 0; — (n — 1) and g is the plausible limit

gi(z) = —Um(QfY)i(2)/ f (). (2.22)

A0

Note that it follows from (2.21) that

> argr(x) =0. (2.23)

k<n

Proposition 2.4 (Duality Principle) Assume that Ay satisfies the large-deviation principle
associated with some rate function K and that n and K are related by the pair of Legendre-

Fenschel transforms:

n(v) = 5;1]\}} {sz‘yi - K(y)} ; (2.24)
K(x) = sup {Z wix; — n(w)} : (2.25)

Assume further that (2.21) and (2.22) hold.

Let x € M, and let v := g.(xz) € R™. Then the supremum in (2.24) is attained when

y = x, and the supremum at (2.25) is achieved when w = v. We therefore have, for x € M,
K(z) = —n(g.(z)), (2.26)

(gradn)(g.(z)) = =. (2.27)

Proof of Proposition 2.4 Extending (2.25) to the convex function K (z) over = in R,

we can solve (2.24) by Lagrangian methods, using the fact that (2.21) becomes

VK = (LK)1+g,  where L= ;0. (2.28)

j=1
Then for the appropriate value of the Lagrange multiplier, y = « is a local optimum
(and hence a global optimum, by the convexity of K). Then (2.23) shows that the
value of the supremum is —K(z), confirming (2.26). The remainder of the result is

self-evident.
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Remarks (i) The function K on M attains its minimum value 0 at 7. Thus, from (2.21),

g(m) =0, and, from (2.27), (grad n)(0) = .
(ii) If we believe (2.16), then
1
(gradn)(v) = / (grad d)(av)da, (2.29)
0

and so grad n inherits from grad  the property that it takes its values in M.

(iii) Many of the most interesting questions remain unresolved.

2.3 An example

Suppose that 7 is a probability measure on S with ; > 0 (Vi), and that
gij = mj — 0ij for all i, j.

Then X is symmetrizable with invariant measure 7. From (2.15), we find that

2
’

I(z)=1— (Z /—;m) (2.30)
and from (2.10) we find that §(v) is the unique root ¢ in (sup(v; — 1), 00) of
Tk .
Z(S—i—l—vk =1. (2.31)
Defining 7, by
i(v) = 6(v) = Y mlog[d(v) + 1 — v, (2.32)
we can differentiate and use (2.31) to see that
0 _ (v
8—an(av) = (a ) . (2.33)

Theorem 2.1 now tells us that n = 7}, and that the rate function K is obtained from 7 as

at (2.7). The supremum is achieved (differentiate) at

e
o = ge(z) =1— =%, (2.34)

T

with value

K(2) = 3 milog(m/r:), (235)
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the relative entropy ‘the wrong way round’.

In fact, it is possible to calculate f(z) explicitly for this example: if X starts at i,
and we write f(x) for f)(x) for this case, then
xmi_lf()\_l) (W]/A) !
i U Tmm

and (of course) this result implies that (2.4) holds with K as at (2.35). The presence of

fiMx) =

(2.36)

I'(n) is due to the use of the normalized measure meas.

We can prove (2.36) by checking that the the (f}) satisfy (2.18) and (2.19). We can
reduce (2.18) by changing co-ordinates from M to (R™)™ (where (2.36) is also defined)

to

(1+0;) (Za :cj) 2O (A<i<n) (2.37)

2.4 Subordinators

Theorem 2.5 should be seen both as preparation for Theorem 2.6, and as an analogue

of Theorem 2.3 for a special kind of finite-state semi-Markov process.

Theorem 2.5 Let &1,&, ... be independent identically distributed (ID) random variables
with values in {1,...,m} so that there are some (py,)j, with py in (0,1), >, pr = 1, and
P(& = k) = py. Foreach kin {1,...,m}, let W[, W¥, ... be D random variables in (0, 0o].
(Note that the value +oo is allowed.) Suppose that all the variables introduced above are

independent. Fori € N={1,2,3,.. }andn € Z* := {0} UN, define

Wi=> L(&)WF,  S.=> W,
k=1 j=1

so that Sp := 0. For X\ > 0, define

Z[k én —ASn-1 —)xSn)‘
Let
or(N) = pE(1—e M) (A >0), (2.38)

E(2) :iw (A >0,z € R). (2.39)
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For a m~vector v, the distribution of v' Ay is characterized by the symmetry property:

> e Ehf(a(v’Ay —w)) =0  (a€R). (2.40)
k=1
Proof of Theorem 2.5 In Section 2.8 O

The idea is that we have a process X = {X; : 0 < t < oo} such that
X =kon (Sn, STH—l) if ‘Sn—|—1 =k.

Then

Ax(k) = /0 h e M (X, dt. (2.41)

We now proceed to the continuous-parameter version of Theorem 2.5, which

generalizes Section 1.5 of Chapter One.

Recall that a subordinator p is a right-continuous process {p; : ¢t > 0} with non-
decreasing paths and with stationary independent increments and such that py = 0. If
p is a subordinator, then for some constant ¢ > 0 and some (Lévy) measure y on (0, oo],

we have for v > 0,
Eexp{—p(t)} = exp{—tp(7)},

where

o) =cy+ /(0 ](1 — e ) u(de).

Then
p(t) =ct+ Y (Ap)(s), (Ap)(s):= p(s) — p(s—),

s<t
and the number of jumps of size greater than ¢ made by p during time-interval [0, t]
is Poisson with parameter ¢4[¢, co]. We allow p to make infinite jumps; and of course
p = oo from the time of the first infinite jump on. We call our subordinator p driftless

ifc=0.
Theorem 2.6 Suppose that (py);", are independent driftless subordinators with
Eexp{—pi(t)} = exp{—tor(7)}, (2.42)

or(7) = /(0 (e (), (2.43)
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Define
o) =3 pult),
k=1

Ax(k) =3 exp{—do(t—)}[1 — exp{-M2p)(1)}].

Then, for a m-vector v, the distribution of v' Ay is characterized by (2.40), where the functions

h% are obtained from the oy, of (2.42) via the analogue of formula (2.39), whereupon

k _ ! zt —1
Bk (2) = / 2 e [\ log(1/t), 0] dt. (2.44)
t=0

Proof of Theorem 2.6 In Section 2.8 O
The obvious application of Theorem 2.6 is to the case of Section 1.5 in which we
have a nice diffusion process X on R with local time L; at 0 and in which we set
7 = inf{u: L, > t},
p1(t) == meas{s < 7 : X > 0},
p2(t) := meas{s < 74 : X, < 0}.

Then it is well known that p; and p; are independent subordinators. We now have
A)\(l) = / )\G_Atf(ovoo)(XOdt.
0

Equation (2.40) now becomes
ER3 (aAx(1) = —e"ER} (—a(1 - Ax(1)), (2.45)

which together with (2.44) takes us back to the results of Section 1.5.

It is interesting to compare the method of this paper with that of Chapter One in
the light of Lévy’s formula:

o1(7y) = const. 2. E*(e77™)|

- (2.46)

r=0+"

where T := inf{t : X; = 0} and E* denotes the law of X starting from x. This formula
confirms the equivalence of the equation derived from (1.15b) and the equation (2.45).

For discussion of Lévy’s formula, see Section 6.2 of It6 and McKean [22].
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2.5 Proof of Theorem 2.1

As X is symmetrizable, there is an invariant distribution 7, such that () is a symmetric

operator in the Hilbert space defined by the inner product:

n
(u,v) := Z ;5.
i=1

We use 1 to denote the constant vector which has norm 1. Given a vector v, we set
By = [y e Mu(Xy) dt, and p;(a, A) := E;(e“Pr). If we set By(t) := fot e Mu(X,)ds,

and we define M to be a martingale, by
M, = E(e®B> | F), (2.47)
then by the strong Markov property
M; = eO‘Bk(t)IEXt (eaeﬂtB*) = eO‘B*(t)goxt (e™, ). (2.48)

Applying It6’s formula to (2.48) gives

dM, = e*Br () {ae‘Atv(Xt)goxt(ae_)‘t, A) — a)\e_Mg—go + ng} dt + d(mart), (2.49)
«
whence we deduce that
Dy
A— = 1% 2.50
A E = (Q+aV)e, (2:50)

where V is diag(v). To find the asymptotics of ¢, as A tends to 0, we discount ¢, by
defining (with § as in (2.10))

1 (%6
bi(a, N) = o (a, \) exp(—X/O (g”) dﬁ), (2.51)
and (2.50) becomes:
o
e (2.52)

where R(a) := d(aw)I — (Q + oV'). The Perron-Frobenius Theorem, of which there is
a good treatment in Seneta [34], tells us that R(«) has a zero eigenvalue, and that all
other eigenvalues have positive real part. As R(«) is symmetric with respect to the

inner product, it is diagonalizable with all eigenvalues but the zero eigenvalue real
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and positive. Theorem II.1.10 of Kato [24] allows us a smooth (in fact holomorphic in
a complex neighbourhood of R) choice of both eigenvalues and orthonormal eigen-
vectors, which we denote (y;(«))? ; and (y;(«))?; respectively. As R(«) is positive
semidefinite, equation (2.52) suggests that as A gets small, ¢ will track y,, (the eigen-
vector corresponding to 0, with y,,(0) = 1). Certainly (2.52) bounds ||7|| by 1 because
(0, \) =1and

2

(W, 4)" = ——(R(a),¥) < 0. (2.53)

We can write ¢ as ), &;(a, A)y;(a), knowing that the (¢;) are bounded by 1 and the
(y;()) are bounded by some K for all « in [0, 1]. Equation (2.52) becomes:

06 | pi(a)&i(a,A) /
o el g < K. (2.54)

Now for any i not equal to n, we deduce that

1
%(&j}-)gl{j}, where  f;(a) := exp(—% i méﬁ) dﬁ). (2.55)
Hence
“ T [ pi(y) K
Ei(a, N\) < K/O exp(—x/ﬁ > dv) dp < 7)\, (2.56)

where [ is a lower positive bound for the y;(«)/a for all @ in (0, 1]. The same is true of
the —¢;, so (2.56) actually provides a bound on the modulus of ¢;. Considering (2.54)

with i equal to n shows us that

n | _ | - , ,
oo | ‘#Zn&(av N (Wi Yn) | < KA, for some K’,
and hence  [&,(a, A) — £,(0,\)| < K'a. (2.57)

We can now deduce that
lim ¥; (a, \) = yn(a) (i) > 0. (2.58)
A—0

The positivity of y,, (a)(i) follows from the Perron-Frobenius Theorem. Finally we can

say that
. _ 2\t _ 1 )
}\1£>1%)\loglﬁ‘,Z exp(/0 e Mu(Xy) dt) /l\lir(l))\loggoz(l,)\)
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- }\i{)}:})A(lOg%(l, A+ %/1 e do‘)

0 «
1
J
= / (o) da = n(v). (2.59)
0 [0

Theorem II.2 of Ellis [18], with Y, (i) := fooo e MI;(X;)dt and ¢ = 7, is exactly the
second part of the theorem. O
2.6 Proof of Lemma 2.2

Conditioning on the first jump allows us to decompose A () as

(Ax(D)|Xo =14) =1 — e M@ (1 - (A,(1)| Xo = k)) w.p. qq—’“ (k # 1) (2.60a)

and  (Ax(1)|Xo = j) = e W (A, (i)| Xo = k) w.p. q;—’“ (k #j #1), (2.60b)

J

where £(q) denotes an exponential random variable with parameter g, and A, (i) is
distributed as A, (¢) and is independent of the exponential variables. (‘w.p.” means

with probability.) In terms of the distributions, equations (2.60) assert that

i 1 . * i C(tas
F (@) = $(1 - fﬂ)ql/A/O S G FO ()1 —y) e N ay,  (2.61a)
ki

i | 1! D0 (4, o,
and Fj()(ac):acqf/’\<l+x / S g F (y)y~ e/ dy), (i # 7). (2.61b)
T ok#j

Thus the (Fj(i)) are smooth on (0,1), and

aF‘(i)

Mo —1)=t = —(QFW),, (2.62a)
(i)
and )\:Uag; = —(QFDY,, (i #7). (2.62b)

Changing the variable in (2.62) to

g(t): = FW(e™),
gives % = (Q"+ R~ (M -1)"19)g, (2.63)

Where Rjk L= (Szk(l — (5z~j)qji, and Sjk = 5ijqik.
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As X is symmetrizable, we can split Q") up into irreducible blocks Iy, ..., I, forming
a disjoint partition of {1,...,n}\{i}. By the Perron-Frobenius theorem, each block
I, has an eigenvector a(*) which is strictly positive on I, and zero elsewhere, with
corresponding eigenvector —v, < 0. We assume that 7; = 7 is minimal amongst the
(vs)- As QU is self-adjoint, it has n orthogonal eigenvectors, n — 1 of which have -
coordinate 0 and are in common with QI + R, which also has 1 as a zero eigenvector.
The orthogonality also tells us that each a(*) is the unique non-negative eigenvector in
I,. The Levinson theorem, very clearly presented in Eastham [17], says that, as Q1 + R

is diagonalizable, a basic solution g to (2.63) will satisfy
gty > b ast — oo, (2.64)

where b is an eigenvector of Q[!l + R and —# is the corresponding eigenvalue. As g
is non-negative and goes to 0, the dominant term must involve one of the (a(*), ~,).
Let X* be the process X conditioned never to jump out of I; U {i}, which will have its
discounted occupation time A% (i) > A, (i) in the obvious stochastic-domination sense.
Thus by the above (as there is only one block and it has (a(!), ;) as an eigenpair)

FO@) 2 B () ~ ko' asa L0 (e h).

We see that the dominant term is that of I;, so proving the first line of (2.17). The
equation at (2.61a) gives the second. (Note that even if v is common to some of the I

then there will be some « in the eigenspace for which (2.17) holds.) O
Remark We can use (2.62) again to get the stronger analogue of (2.17) for the marginal

densities ( f ]@ )E

F2@) = k(y/N) (aj +0(1))21 (5 #49),

| (2.65)
(@) = k(y/A+1)(a; + 0(1))2?*  where o(1) = O as z | 0.

Thus, for the symmetrizable case, we know the rate of convergence in (2.19).
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2.7 Proof of Theorem 2.3

We posit densities (f*(y))?, for Ay under the P; on the (n — 1)-simplex M :=
{,...,yn) tyi =20, > .y, =1}, and dy is the measure induced by any of the

co-ordinate measures. Writing (2.50) at « = A in terms of the densities gives:

/ Z”J?JJ e’ ydy_/ quf’\ e’ ydy—l—)\/ vi fMy )e“Tydy. (2.66)

Fixing 4, and v,, = 0, and setting g;(z) := (z; — &;;) f(z), an application of Stokes’

Theorem gives us

- . ; v’ ) _ - ag] eV _ o7
Z/Mﬂ{yj:O} g](y>€ @/dyﬂ ;/ axj ydy / (Qf )( ) @/dy (267)

i=1

Now using (2.62) we can deduce from

/ / 95(y) dy®? da; = F9 (), (2.68)
0 L = 0ij Junfy=z;)

that / g;(y) dyl) = —l(QF(j))i(:c) —0 asz 0. (2.69)
Mn{y;j=x} A

Hence, as ¢” ¥ is bounded and g; has constant sign, the boundary terms of equation

(2.67) vanish, to show that

_Z/ aij e’y = T / (QF)ily)e" " dy. (2.70)

By the uniqueness of Laplace transforms,

N, 1

- Z 8—:1:] ((373 - 5ij)f{\($>) = X(Qf)\>i('x>v (2.71)
j=1

which is merely another way of writing (2.18). Conversely if f* satisfies (2.18) and

(2.19), then (2.66) must hold, so (2.50) holds with ¢; := [, eV /X fA(y) dy. We can

use (2.53) to show that the solution to (2.50) is unique, and so f;* is the law of A4, given

X, = i. O
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2.8 Proofs of Theorem 2.5 and Theorem 2.6

Note firstly that k5 (z) as defined by (2.38) and (2.39) satisfies

hs(2) = pkezE<1 —exp{—2z(1— e_AWIk)}>. (2.72)
Then (2.40) can be seen simply to express Ay conditional on ;, as in

Ay=(1- e_’\Wlk)ek Le AW A, W.p. Dk, (2.73)

where A, also has the A, distribution and is independent of the W;’s, and ey, is the
unit positive vector in the k" direction. Rewriting (2.40) in terms of the moments (1, )

of v T A, we derive that

o= (o) S (e S (M) e ). @7y

m
k=1 r=0 s=0 k=1

The symmetry property therefore gives us the moments, and as is well known (for a

bounded distribution) sufficient unto the law are the moments thereof. U

Now we turn our attention towards Theorem 2.6. For motivation and further
explanation of excursion theory, see Part V1.8 of Rogers and Williams [33]. Let € be
positive. We aim to approximate A by a Theorem 2.5-type scenario by discarding all

jumps of the p-process of size less than e. Formally we write

pi(t) = 3 Dp()[(Dpi(u) > o),

u<t

p(1) = 3 pil0),
k=1

and A§(k) == Ze”‘pé(t_) (1 — e_)‘Api(t))
t
In the language of Theorem 2.5, pi, = pui[€, 00]/pu[€, oo] where p = 3, 11, and
A =pe [ (e ) e o) 2.75)

and Z e FERS” (a(vTA§ —vi)) = 0. (2.76)
k=1
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We can renormalise the ¢ so that ¢, (\) = f[e o] (1 — e=?%) ug(dx), and then

L) — ok (V)] = /(O @) ), and (2.77)

ISR (2) — bk (2)] < /

o (ez _ 6z€_>\1'> pr(dr) < zez/ (1— ) e (d) (2.78)

(0,€)

Thus hf\’k — h% uniformly on bounded intervals. Writing

ARy = D0 1(Lp(t) 2 (VD) eV O),

t:Apg (1)>0
and 1— AS(k) = Z I(Lp(t) =€) (6—>\p€(t—) _ 6—Ap€(t)>,

. Ap(t)>0
"Apr(t)=0

and applying Fatou’s lemma to each line gives us that AS (k) — Ax(k) as € goes to
0 (almost surely). Combining this, the control on ~¢ and the Bounded Convergence
Theorem, we can take the limit of (2.76) to obtain (2.40). The remarks around (2.74)
still apply to show that A, is determined by the symmetry equation. Finally using
equations (2.39) and (2.40) and carefully integrating by parts, we see that

hs (2) = /(0 ](ez — ezeﬂs) wi(ds) = /0 e e T s, 00] ds, (2.79)

whence we can deduce (2.44). O



Chapter Three

Asymmetric Markov chains

You can only find truth with logic if you
have already found truth without it.

G. K. Chesterton, The Man who was Orthodox

44
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3.1 Introduction and abstract

In Chapter One we began a study of Abel averages, A,(i) := A fo e MI(X,) dt, as
opposed to the oft-studied Cesaro averages C; (i) := ¢t~ fo s) ds. In Chapter Two,
we studied the large-deviation behaviour of these averages. In the case where X is an

irreducible Markov chain on a finite state-space S = {1,...,n}, we observed that

Cy—m ast — oo,

and Ay —> as A ] 0,

where 7 is the invariant distribution of X. We noted that

Tim ¢! 10gEexp{/t (Xs)ds} = §(v), (3.1)

where v is an n-vector, 6(v) := sup{Re(z) : z € spect(Q + V)}, and where spect(-)
denotes spectrum (here the set of eigenvalues), @ is the Q-matrix of X, and V' denotes
the diagonal matrix diag(v;). It is also true that the large-deviation property holds for
C with rate function I defined on M := {(x;);es : x; = 0, Zj z; = 1}. Thatis that

limsupt~'logP(C; € F) < — inf I(x),

t—o0 S (3 2)
. - .
and 11tr£1><1>£1ft logP(Cy € G) > xugé I(x),

for F' and G respectively closed and open subsets of M. These two limits, § and I, are

related by convex conjugation (Legendre transform), in that

I(x) = 6*(z) := sup {>_wviz; — 6(v)},

and  §(v) =I*(v):= sup{z viz; — I(z

reEM

(3.3)
In Chapter Two we were able to derive similar results for the Abel average when X

was symmetrisable. We can now extend this result both to the general X, and also to

the family of discounted averages, G”, parameterised by v > 0, where

GY(i) =t (1 +7) /O (1 - s/t)7 I;(X,) ds, (3.4)

and G} —>7m  ast— .
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3.2 The results

We first extend Theorem 2.1 of Chapter Two to all (including asymmetric) finite chains

Theorem 3.1 Let X be an honest irreducible finite-state Markov chain, with Q-matrix Q.

Then, irrespective of where X starts

oo 1
lim)\logEexp{/ e Mu(X;) dt} = n(v) ::/ a1 (av) da, (3.5)
AL0 0 0

and the large-deviation property holds for A® with rate K :=n*,and n = K*.

Proof of Theorem 3.1 Our programme is essentially to follow the proof in Chapter
Two, but is complicated by the asymmetry of () breaking the usual link between the
spectrum of () and its action as a bilinear form (-, Q-), where (-, -) is the standard inner

product on R".

As in Chapter Two we define

/ e,
and @i, A) == Ey(e“Br),

and deduce from applying Itd’s formula to the martingale M, := E(exp(aB,)|F;) that

B
a)\a—z — (Q+aV)p. (3.6)

We again discount ¢ by defining v by

il ) = il Nexp{~ [ 50(60) s},
which satisfies the differential equation

¥

8a = —R(a)1, (3.7)

where R(a) := §(av)] — (Q + V') has a spectrum with non-negative real part. Our
solution to this equation follows from facts deriving from the Perron-Frobenius The-
orem about non-negative or essentially non-negative (non-negative off the diagonal)

matrices. These may be found in 1.7 of Kato [24] or Seneta [34]. The points we shall
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use most are as follows. A non-negative matrix has a maximal modulus eigenvalue
which is real and positive, and whose corresponding eigenvector is non-negative. If
the matrix is irreducible (in the stochastic sense) the eigenvalue is simple and the

eigenvector is both positive and the only non-negative eigenvector.

In the symmetric case we could decompose R into acting on orthogonal eigen-
spaces with all but the zero eigenvalue positive. In the general asymmetric case, we
still have all but one eigenvalue positive, but the matrix need not be diagonalisable
and the eigenspaces are not all mutually orthogonal. Nevertheless, we can produce a
partial orthogonal decomposition by adapting theorem 1.7.13 of Kato [24] to give the

following.

Theorem 3.2 (Adapted from Kato) Let T be an essentially non-negative and irreducible
matrix. Let ¢ be its principal eigenvalue. Then there exists a real diagonal matrix F with
positive elements such that S := F~VT'F — &1 has a simple eigenvalue zero, with an orthogonal

eigenprojection P, and that, for some positive o

(Sz,z) < —o||(I — P)z|?. (3.8)

Proof of Theorem 3.2 Following Kato exactly at this stage, we may assume that 7" is
non-negative, and we know that there exist strictly positive eigenvectors y and y* of T’
and T'" respectively, both with the maximal eigenvalue J. We set F to be the diagonal
matrix diag(\/v:/y;), = to be the vector (z;) = (/iy;), and B the non-negative matrix
F~ITF. Then Bz = B"z = §2, and so z is the strictly positive eigenvector of the
symmetric non-negative matrix B B with associated eigenvalue 6> which is maximal.
Kato’s theorem 1.6.49 tells us that P, the eigenprojection for B associated with z, is
self-adjoint and so orthogonal. As I = P & (I — P) is orthogonal we can decompose
R™ as V; @ V_, the orthogonal sum of two B and B' invariant subspaces. Let B_ be
the restriction of B to V_, and then (BT B)_ = (B_)"(B_) and the second greatest
eigenvalue of B' B (which is real and positive) is the greatest eigenvalue of (B' B)_
and is strictly less than §2. We shall call this eigenvalue 62 . We have ||(BTB)_|| = 62,
so |[|[B_|| =6_,and

(Bx_,x_) <o_|lz_|7 where xz_ = (I — P)z,

and (Bxy,xy) = 8|lzi|? where 2 = Px.
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Now S = F~ITF — §I = B — §I, so we have
(Sx,x) = <S$+,{L’+> + <S$_,{L’_> < _(5 - 5_)”.’1?_“2,

and the result is proved with o set equal to § — d_, which is positive. O

We now apply Theorem 3.2 with ' = T(«a) = @ + oV and § equal to d(aw).
So, for each « in [0, 1], there exist F'(«), P(«a), S(a), and o(«) as in the theorem. We
choose y(0) = 1 and y*(0) = , the invariant distribution of (). By Kato [4] I1.1-4, the
functions d(awv), y(a), y*(a) and P(«) are (or can be chosen) smooth in «, and §_(«)
is at least continuous. We deduce that F'(«) is smooth, and o(«) is continuous, so is

bounded away from 0 by some positive oy for all a in [0, 1].

Changing bases appropriately we set

X(a, A) = FH(@)i(a, A),
so that ||x(0, \)|| = 1, and transform (3.7) into

a)\g—z = S(a)x(a, A) + aAG(a)x(a, N), (3.9)

where G(a) := —F'(a)F~!(a) is diagonal, and because S = —F~' RF'. We can bracket

the line above with x to find that

aXda (X, X) = 2(x, Sx) + 2aA(x, GX),

and so
Do (X X) < 2Ka (X, X),

where K¢ := sup_, [|G(c)||. We deduce that

Do (exp(—2Kga)(x, x)) <0,

and so
06 x) (@A) < exp(2Kga) < Ky (3.10)
for all @ in [0, 1] and all positive A\. Writing
X =X+t X, (X_(O,)\):O),
then alxy’_ = Sy_ + a)\((l - P)G - P’)X.
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We can get a bound on x_ using a similar method to that used for the universal bound

on Y, to see that

20‘0

ao& — ) S —— —y X— K7
(X—» x-)  (X=x=) + K

where K| = (Kg + Kp)K, and Kp = sup_, || P'(a)||, and hence
D <<x—,x—>a2"°”> < K2/,

Whence we find by integrating that

Kla

<
(Xx— x) (o, A) < )\200 —

< Kp)\, for A >0, € [0,1]. (3.11)
Finally we consider x, the part of x annhilated by S, for which
daxs = (P'+ PG)xy + (P + PGQ)x_
and writing x4 (o, A) as {(a, A\)z(«), so that £(0, A) = 1, we see that
¢z =—¢PF Y (F2) 4+ (P + PG)x_

Now if we replace y by y(«) exp(— fo Y y*)~1(B) dpB) to ensure that (y/, y*) = 0,
and similarly for y*, we then have ||z(«) H =1and PF~!(Fz)" = 0. This simplifies the

previous differential equation to
2= (P + PG)x_,

(3.12)
and so 1€ (a, )| < (Kp + Kg)v Ko\

Thus limy o x(a, A) = z(«), and limy o ¢¥(a, A) = F(a)z(a) = y(«) which is strictly
positive, so the first part of the result holds.

Note. In the symmetric case, y*(«) = diag(m)y(«) for all «, and z(«) = diag(v/7)y(c).
Thus the ||z|| = 1 normalisation condition is just the previous ||y||r = 1 normalisation,

where (u, v)r = >, miu;v;.

For the large-deviation result, as in Chapter Two, we use theorem II.2 of Ellis [18]
with Y)\(7) := fo e MI;(X;)dt, and ¢ := 1. The fact that n = K* comes from the

duality of convex conjugation coupled with 7 inheriting the convexity of 4. O
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In fact, we now have enough to consider another average, if for no other reason
than to emphasise the point that each average we can think of has different large-

deviation behaviour. We look at the “v-discounted” average (y > 0) defined by (3.4)

t
GY(i) =t 1+ 'y)/ (1—s/t)7 I;(Xs) ds.
0
Then we can replicate our previous work with the following.

Theorem 3.3 Let X be an honest irreducible finite-state Markov chain, with Q-matrix Q.

Then, irrespective of where X starts,

t 1
y_r%t_l logEexp{(l +7)/0 (1-— s/t)”v(Xs)ds} = 0,(v) == /0 a((1 +’y)oﬂv)(d3a1,3)

and G has the large deviation property with rate I, := 6%, and 6, = I,

Proof of Theorem 3.3 If v =0, G‘t) is just the Cesaro average C; for which we already

have the result, so we now assume that v > 0. We define

o) = Erep{a(t +9) [ (1= s/ v(x,) ds},

and define M,, to be the martingale

M, := E(exp{a(l ) /Ot(1 —s/t) (X ds} ) J-"u>
= exp{a(l +7) /Ou(l — s/t)v(X) ds} X, ((1—u/t)",t —u).

Applying It6’s formula to the second line above, we deduce that

ayOp , Oy _
90 T ar = (Q+ a(l+~)V)e. (3.14)

We now define the discounted function 1) as
o/
bile, \) == oi(a, @t/ /) exp{—)\_l / 5((1+7)8") dﬁ},

0

which satisfies the differential equation

)\val_l/”g—:ﬁ = —R(a(1+7))¢. (3.15)
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This is solved in exactly the same way as we solved (3.7) in Theorem 3.1, with the
only exception being on the bound of (x_, x—) which is derived from the differential

inequality
20007

Aya

Dalx—,x-) < — (x—,x-)+ K.

From which we deduce that

Ba (<X_, x_) exp(20pal/ /)\)) < K exp(200al/7/N),
and hence by integrating that

-IP(00) < K1 [ exp(~2a0(al/" - 57)/3) 5.

The right-hand side of this expression tends to 0 uniformly on ain [0,1] as A | 0. The
rest goes through as before to show that limy o ¢; (o, A) = y(«), and hence that

1
tli)m tog pi(1,t) = / (14 v)a"v) da. O
o0 0



Chapter Four

General discounts

All philosophers who find

Some favourite system to their mind,
In every point to make it fit

Will force all nature to submit.

Jonathan Swift

52
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4.1 Introduction

In this Chapter we will push forward the three major strands of inquiry that we have
developed in the proceeding Chapters. The generality that we will obtain should be
sufficient to satisfy the demands of a reader just searching for a convenient theorem,
though reference will be made to earlier sections when a proof is essentially the same

as one before.

In the next Section, we investigate symmetry characterizations and distribution
asymptotics for the Abel discounted occupation times of Ornstein-Uhlenbeck pro-
cesses. This is in the spirit of Chapter One, which studied the Brownian motion case
(itself a driftless Ornstein-Uhlenbeck process), and also of Section 2.4 of Chapter Two,
which looked at subordinators. The two important results from these Chapters are

recapped to aid the casual reader and to reintroduce the concepts that we shall use.

For general results about the large-deviations behaviour of discounted occupa-
tion times of processes, in Section 4.3 we will build on Section 2.1 of Chapter Two
and on Chapter Three. Previously we knew that the large-deviation property held
for the Abel discounted average of a general finite-state Markov chain, and we will
fully extend this to completely general discounts of chains and partially extend further
to a wide class of Markov processes. We discover that although the large-deviation
rate function of the discounted average can be written in terms of that for the Cesaro,
the rate is often different for a different discount. We also derive results about the
smoothness and finiteness of the rate function which are used in the next Section to

prove a central limit theorem.

Finally we shall go beyond the limited approximation precision of the large-
deviation property and give an asymptotic expansion of the density of the distribution
itself, following from the density studies of Section 2.2. This again is now performed
for general discounted averages of finite-state Markov chains. We also notice a pattern
in the differential equations we worked with, and hypothesize about their full solutions

and other generalizations.
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4.2 Symmetry Characterizations

The initial results of this section have previously appeared in Chapters One and Two,
but are reproduced here to give the beginnings of the story. They also provide us with
our only exact handle on the behaviour of the discounts for diffusions and related

processes.

We start by recalling that a subordinator (an increasing Lévy process) p is a right-
continuous process {p; : t > 0} with non-decreasing paths and with stationary inde-
pendent increments and such that py = 0. If p is a subordinator, then for some constant

¢ > 0 and some (Lévy) measure ;. on (0, oo], we have for v > 0,

Eexp{—yp(t)} = exp{—te(v)},

=c —e Y .
where v+ /(0 . Yu(de)
Then p(t) = ct + Z(AP)(S), (Ap)(s) := p(s) = p(s—),

and the number of jumps of size greater than ¢ made by p during time-interval [0, ¢]
is Poisson with parameter ¢u[¢, oo]. We allow p to make infinite jumps; and of course
p = oo from the time of the first infinite jump on. We call our subordinator p driftless

ifc=0.

We suppose that (pj)}"; are independent driftless subordinators, and let p(t) :=
> iy pi(t). The idea is that we have a process X = {X; : 0 < ¢ < oo} such that

X =k on [p(t—),p(t)) and Np(t) = Npg(t), if Apk(t) > 0.
Then the discounted occupation measure A, is given by

An(k) = / T AN LX) dt = Y exp(~An(t-)) (1 - exp(—/\Apk(t))).

0

Theorem 4.1 Suppose that (py,), p and A are as above, and that each py, can be represented

as

Eexp{—pr(t)} = exp{—tor()}, (4.1)

or(y) = /(0 ](1 — e—W)Mk(dé), (4.2)
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~ oy N Pr(nA)z"
and define hi(z) == T;J — (4.3)
1
whereupon  h5(z) :/ ze [\ log(1/t), 00] dt. (4.4)
=0

Then, for a m-vector v, the distribution of v' Ay is characterized by the following identity

> exp(avg) ERS (a(vT Ay — vr)) = 0. (4.5)
k=1
Proof of Theorem 4.1 Theorem 2.6 of Chapter Two. O

Asin Chapter Two, we can apply Theorem 4.1 to a well-behaved diffusion process

X on R with local time L; at 0. We define two subordinators p; and p; as
1 i=inf{u: L, > t}, p1(t) :=Leb{s <7 : Xs >0}, paft):=Leb{s<7m:Xs <0},

where Leb is the Lebesgue measure on R. It is known that p; and p; are independent,

so the discounted occupation of the positive half-line,

Ak(l) = / )\6_”[(0’00) (Xt> dt,
0

can be characterized by the equation
ER3(aAr(1)) = —e“Eh) (—a(l — Ax(1))). (4.6)

The functions h}\ and h%\ are defined via (4.4), where 141 and p, are the Lévy measures

on (0, oo] describing the length of excursions from 0 into R™ and R~ respectively.

In the particular case of Brownian motion, we have that h} and h3 have the

common value

1 2t
ha(2) = VA / I
3(2) 0o logl/t
so that (4.6) becomes Theorem 1.2 of Chapter One. Finally we can use this symmetry

relation to derive asymptotic results about the distribution of A (which isindependent

of \).

Theorem 4.2 The distribution function F of A satisfies the asymptotic relation

Fle) ~ — 22
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And the moments (i) of A satisfy
fn ~ (mnlog n)_% as n — oo. (4.8)

(Where the symbol ~ indicates that the ratio of the sides converges to 1.)
Proof of Theorem 4.2 Theorem 1.1 of Chapter One. O

We can also perform these calculations for processes which can be written as
deterministic time/scale-changes of Brownian motion, such as the Brownian bridge
and Ornstein-Uhlenbeck processes. Let us recall that the Brownian bridge X; can be
defined either as the unique solution to the stochastic differential equation (SDE)

Xy

dXt:dBt_l ;

dt, Xo=0, (4.9)
or explicitly as a process with the same distribution as
X, =(1-0)B(t/(1 1), t€[0.1] (4.10)

where B is a Brownian motion. The Ornstein-Uhlenbeck (OU) process, Y;, starting at
0, is governed by the SDE
dY; = dB; — ivY, dt, (4.11)

but can also be expressed as
Y, = e "2B((e ~1)/7), (4.12)

where B is again a Brownian motion. Note further that the Cesaro average of the

Brownian bridge can be written as

1 0o
1
/0\ I(0,00) (Xt) dt = A m[(mm) (Bt) dt,

and the Abel averages of the OU process can be written as

A ,
/ m&w(&mt it >0

/ \e” ’\tI(OOO)(Yt)d
0 / |v| )M 00y (By) dt - if y < 0.
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We observe both that the Abel average of a positive recurrent OU process at discount
rate A = 7 has the same distribution as the Cesaro average of the Brownian bridge,
and that the Abel average of a transient OU process at discount rate A = || has the

same distribution as the Cesaro average of Brownian motion.

Theorem 4.3 (1) Let Fz be the distribution of the average

° 1

then Fg(x) ~ ch%(HB) as x | 0, for some positive constant cg.

(2) Let F_p be the distribution of the average

1
A_g ::/0 BT - )P, o) (By) dt, (B> 0) (4.14)

then F_g(x) ~ 2y/Bx/mas x | 0.

Note: The family of distributions (F}) is actually continuous in 3 at 0, with Fj being

the distribution of the exponential discount of Brownian motion itself.

Proof of Theorem 4.3 Following the approach of Chapter One, we can bound Ag
above and below by expressions involving the Cesaro average of Brownian motion

itself,

t
Ct = —/ [(0700)(33) dS,
t Jo

which we know to have the arc-sine distribution F_;(z) = P(C; < z) = 2sin™! /.

us

These bounds are summarized in the following lemma:

Lemma 4.4 With F defined as above

2 . . Fs(x) — Fy(x) 2 .
—(1+1/p) iﬁ}x%(um im — = —(1+5) ,
F_ I 1
2—\/3 SO | ﬂ < lim ﬂ < 2(1 _ 5)—%(1/6—1)’
T 20 VT w0 T ™
%(1 _ 1/5)—%(/3—1) < i F_p(x) < Tim Fopg(z) < 2\/3,
& 210 x 210 x e

where the first line holds for all positive (3, the second for all 3 in (0,1), and the third for all 3

in (1, 00). Here lim and lim are used to denote lim inf and lim sup respectively.
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Proof of Lemma 4.4 Fix 3 positive. For every ¢,

1 tCy

t
Ag>—— | Ipay(B)ds = ———t
o e ) om (B = g

s0 Fs(z) = P(Ag < ) < P(Cy < Ba(1+)1FVB/t) = 25in~1 \/Ba(1 +)111/6 /t. The
minimum value of 3(1 + ¢)'+1/8/t is achieved at t = 3, and the upper bound for Fj

follows.

For every ¢,

1

1 -1

(1

so Fg(z) = P(Ag < z) > P(C; < Bz — (14 t)"VP)/t). The maximum value of
B(z — (1+t)~1/8) /t is asymptotically the same as (x/(1+1/3))'T#, whence the lower

bound for Fg. The other two pairs of bounds are similar. O

The corresponding excursion length measures for the diffusions are

wlt, oo] = =2 Brownian motion,
et —1\?
[ty 00] = ( S ) OU process.
Hence
1 2t

ze*t dt
. Y}

_[8 _

ho(e) = [ 2 npmanln log(1/t),oc)de = 4 0, VI (4.15)

0 ze*t dt i3 <0
0o V1—tFh .

We can use this to verify that the Cesaro average of a bridge has the uniform distribution
merely by checking that the a*! components of Eh;(aX) and —e“Eh;(—aX) agree

for each n > 0, where X is uniform. That is, confirming that

R AL x(1 — xt)"
dx dt = d dt.
[ o= [ [ 2

Generally, we can investigate the behaviour of Fg near 0, but we need to discover the

asymptotics of the functions hg, which is done in the subsequent lemma:
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Lemma 4.5 With hg as defined above

hg(z) ~ 1/%ez as z — +oo,

-B/2
—hﬁ(—z)w{f(1+5/2>z Zgzg as z — 400,

Proof of Lemma 4.5 Firstly

1 2t —u

ze*t dt du
ho(z) = [ 224 _ / |
o(?) 0o V[t7P =1 vz V21 —u/z)=F —1]

Now 2|(1 —u/2)~" — 1| = (1 A |B|)u, and the left-hand side of this inequality tends to

|B|u as z goes to infinity. Hence by the Dominated Convergence theorem, we have the
tirst line of the result.

Secondly, if /3 is positive, then
VE WP emu dy ! ze

o VIZ@ar s ETT

The latter of the right-hand side terms is bounded by ze~V? fol (t=F — 1)_% dt, which

—hg —z -B/2

is of smaller order than z~#/2 as z goes to infinity. The integrand of the former term is

dominated by u#/2e=%(1 — z=9/2)= and tends to u?/2e~* as z goes to infinity.

If 5 is negative, then we can similarly decompose —hg(—z) as

i e % du N 1 ze 7t gt
& \/1 — (/2P iz VTP
whence the result. O

We see from (4.6) that e"“Ehg(adg) = —Ehg(—adg). We can prove in exactly

the same way as in Chapter One that

Ehg(adg) ~ /ma/|Ble"E(e™*4), asa — oc. (4.16)

If 8 is negative then —hg(—aAg) tends to 1 as « goes to infinity, and as hg is bounded
on R~, we can deduce that —Ehg(—aAdg) — 1. Hence

E(e‘O‘Aﬁ)N\/% as o — oo, @17)
417

and Fg(sc)rv%\/W\x asx | 0.
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Here we are using a Tauberian theorem adapted from (§8, 5.3) of Widder [38], which

says that for a non-negative random variable X with distribution function F'y,

k kx”
E —aX ~ F ~
e o0 asa — o0 = X(l“) F('y—i—l)

asx |0, (4.18)
for positive constants v and k.

For 3 positive, life is harder. Set I to be the set of ‘good” values of 8. That is
I:={8>0:Fs(z) ~ C/g.fﬂ%(ﬂ—ﬁ)}.

Lemma 4.6 Fix (3 positive. If Fg(x) < kx7, for some v > [3/2, and some k > 0, then 3 is

inl.
Proof of Lemma 4.6 For any positive ¢, choose K large enough so that
IT(1+ B/2) + 2°%hp(—2)| <6, (2> K).
Then
—Ehﬁ(—aAB) = E(—hg(—ozAB); AB < K/a) + E(—hﬁ(—aAB); Aﬁ > K/a)
=: E1(a) + Ex(a).
Now 0 < Ei(a) < (sup —hg(—x))Fp(K/a) < ca™7. Also

1 1
_ _ _ 1, _
1@:,(%5/2):/0 2P dFy(x) = [ B/ZFﬁ(wﬂoﬂﬁ/O P2 Fy () da

1
<(1-0)+ %kﬁ/ 2O PD1 4y < 0.
0

So hence E;(«) looks like a=#/2(T'(1 + 5/2) &+ e)E(AgB/z), as a gets large, and thus £,

dominates F;. So we have that
E — hs(—adg) ~ T(1+ B/2)E(A;"?)a~P/2. (4.19)
And thus

E(e=42) ~ \/gm T B/2E(A;72)a 04 as o - oo, .

and so by (4.18) Fjs(z) ~ 3\/Br(1 + B/2)E(A;")220+8) as x| 0,
T
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that is, that S isin I. d

We can now complete the proof of Theorem 4.3. From Lemma 4.4, we have that
Fg is dominated by m%, so Lemma 4.6 tells us that the interval (0, 1) is contained in /.

Now for § < 3,
1 ) 1

51+ 1)1/ = Bé(l+t)1+1/5’ for all ¢t.

So Ag > (0/B)As, and hence Fg(z) < F5(z8/6). Now if ¢ is already in I and § is in
the open interval (4,1 + 0), then Fj3 is dominated by Fj ~ 220+9) and so Bisin I by

Lemma 4.6. Thus the theorem is proved. O

As we have seen before, Ay is the distribution of the Abel average of Brownian
motion, A_; is the distribution of the Cesaro average of Brownian motion (the arc-sine
distribution), and A is the distribution of the Cesaro average of the Brownian bridge
(the uniform distribution). For an Ornstein-Uhlenbeck process with parameter v as in
(4.11), its Abel average at rate X has the distribution of Ag where 8 = v/\. As A goes to
0, or equivalently as || goes to infinity, Az tends either to the symmetric distribution
on the end-points {0, 1} or to the point 3, according to whether the process is transient
or recurrent. We can summarize this information with the aid of the following diagram

of the “S-spectrum’”.

BMotion BMotion BBridge
{0,1} Cesaro Abel Cesaro {1/2}

\

—00 -1 0 1 00 S-line

We note that amongst symmetric distributions on [0,1], A_, has the greatest
variance, and A., has the least. We shall see evidence shortly that the variance is

decreasing in 5. By equating coefficients of o in Ehg(aAg) = —e*Ehg(—aAg), we see

that
/1 fa(x) G dz dt = /1 fa(x) /1 2d =) dt, (4.21)
0 0 [t=F —1] 0 0o V[tP —1]



4.2 General discounts 62

where f3 is the density of Fj3. Now we can perform the ¢-integration as follows

1 /1 . . (5 + )3

L VT gy_w—hw:_ﬁi_ilﬁ- if 8> 0,
N P(gg +DTd |

0 ﬁ i r/lﬁ\—l(l_u)—%du: (l’BL T if 6<0

Hence we can deduce a generalization of (1.17) of Chapter One.

Proposition 4.7 Fix (3 real. Let p,, be the nth moment of Ag. Then

= (Z) (—1)f . and  Myp, = Zn: (Z) (=) My,

k=0 k=1
T(5+31) .
iy >0,
where M, = P( 2 +1) 5 <0
(75+2)

Proof of Proposition 4.7 Follows immediately from the symmetry of Ag and from
(4.21) and (4.22). O

This allows us to calculate the variance explicitly as

Were Ag to be a member of the beta family of distributions, with densities

(B + B2)

) = P11 = )Pl
fﬁlﬁz( ) F(ﬁl>r<ﬁz> (1 ) )

then the symmetry of Az together with the asymptotics of Theorem 4.3 would give Ag
the Beta(3(1 + /), 1(1 + 3)) distribution for positive 5 and the Beta(s, 3) distribution
(arc-sine) for negative 5. Let us let By be this hypothesised distribution, that is it
has the symmetric Beta-distribution with parameter ; for negative 3 and parameter

1(1 + B) for positive .
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Variance

0.15

0.1

0.075

0.05

0.025

Figure 4.1 Graphs of Var(Ag) (smooth) and Var(Bg) (crooked) against 3

Making a graph of the variances numerically (Figure 4.1, drawn by Mathematica)
we can believe that although Var(Ap) is indeed decreasing in 3, it only intersects with
the hypothesized beta distribution variance at the points § = +1, the two points which
are already known, and at no others. Identification of the other distributions involved

remains an open question.

4.3 Large Deviations

We now work with general discount shapes and positive recurrent processes. Let X
be a stochastic process with state-space I and invariant distribution 7. In the Cesaro
case we would expect some sort of ergodic theorem such as

Cy(F) = % /O t Ip(X,)ds — 7(F)  ast— oo, (4.23)

for all measurable subsets F' of E. Then C, takes values in M;(FE), the space of
probability measures on E. We might also have a large-deviation result, which we can

think of for the moment as the slogan

“P(Cy € H) ~ exp(—t inf I(v)) ast—o0”  HCM(E),
ve

for some rate function I, with I(7) = 0. The space M;(E) and the continuous bounded
functions on E, Cy(E) are in duality via the bracket, (v,v) = [, v(z)v(dz). A related

slogan is that of the Laplace transform

“Eexp((v, Ci)t) = exp(td(v)) ast—o00”  ve Cy(E),
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where 6 and I are related by Legendre transformation (convex conjugation), in that

I(v) =96"(v) = 65;}()@((1}, v) —6(v)), (4.24)
d(v) =I"(v) = sj\;q()E)(@, vy —1(v)), (4.25)

Our program will be to study, for a discount density m, the average
AN(F) = / Am(At)Ir(Xy) dt. (4.26)
0

We will show that Ay — 7 as A goes to 0, and that the large-deviation principle holds

with rate K whose Legendre transform 7 is given by the equation

n(v) = /O S (m(ty) dt. (4.27)

This is actually the same as the n-equation at (2.16) in Chapter Two (with discount
m; = e~ ') and at Theorem 3.3 (with discount m; = (1+v)(1 —t)7), but (4.27) is a more

natural formulation.

Standard set-up. Let X be an ergodic Feller-Dynkin Markov process on a locally
compact Polish space E, with generator L. We define the Cesaro average C; and the
general average Ay by (4.23) and (4.26) respectively. Then C; and A converge to ,
the invariant distribution of X, with respect to the weak topology on M;(FE), that is,
in the sense of (4.23). A sufficient condition for the former limit is that, as in 8.11.2 of
Bingham et al. [10], 7 is a limiting distribution of the transition semigroup (F;). The
latter limit follows from the former by a similar L!-continuity argument to that which
will be used in the proof of Proposition 4.8. Deuschel and Stroock [15] show that under
an assumption of uniform ergodicity the large-deviation property holds for C; with

rate function I defined on M;(E). That is that

limsupt 'logP(C; € F) < — inf I(v),

o0 Vel (4.28)
and liminft'logP(C; € G) > — inf I(v),
t—o0 ve@@

for F' and G respectively closed and open subsets of M;(E). We learn from 4.2.17 of
Deuschel and Stroock [15] that

t
lim ¢t~ log Eexp / v(X,) ds = §(v), (4.29)
0

t—o00
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where § and I are convex functions satisfying (4.24) and (4.25). Further there are, by
4.2.27 and 4.2.38 of Deuschel and Stroock [15], explicit expressions for § and I as

S(v) = tlirglo t~'log |P|lop, where P? f(z):=E, (exp(fot v(X,)ds) f(Xt))[(4.30)

Lf(z)
g [(x)

As in Chapter Two we shall be particularly interested in the case where X is a Markov

I(v) = sup{— v(de): f>1, f € Dom(L) } (4.31)

chain on a finite state-space S with Q-matrix ). Then é(v) = sup{Re(z) : z € spect(Q+
V)}, where V denotes the diagonal matrix diag(v) and spect(-) denotes spectrum (here
the set of eigenvalues). This expression for § also holds in the general Markov process

setting, if the generator L is m-symmetric.

We begin by proving a result whose first part is similar to one remarked by
Kifer [27] in the context of the large-deviations of the averages of dynamical systems,
but it is the second part which will be more useful in our further work. In earlier
Chapters we derived a differential equation by the self-similarity of discount shapes
such as e, but it is enough to study the shifts of the discount along the time-axis,

which provides a useful one-dimensional parameterisation.

Proposition 4.8 Suppose that X is an FD Markov process on a space E, with genera-
tor L, and m is any density on [0,00), and for x in E and v in C,(E) the limit §(v) =
limy Alog E, exp fol/’\ v(X) ds exists uniformly in x on E. If we define ¢ by

oz, t,\,v) =E, exp/ Om(As)v(Xs) ds, (4.32)
0
where 0, is the shift operator 0, f(s) = f(t + s), then
l/\iﬁ)l)\log o(z,0,\,v) = n(v) = / d(myv) dt. (4.33)
0

Further, p(-,t, A\, v) is in the domain of L and ¢(x, -, X\, v) is differentiable and

—g—f = A"HL +m V). (4.34)
Proof of Proposition 4.8 We prove the first part using continuity arguments. If we
define

1/x
H(\ z,a) = AlogE, exp/ av(Xs) ds, (4.35)
0
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then sup  |H (X, z, ) — 0(aw)| goes to 0 as A does. We start by proving the general

average limit for m of the form

m = i cil(ai, bz>,
=1

where {(a;, b;)} are disjoint intervals in R* and ¢; > 0. Set
bi /A
Y = exp < / civ(Xg)ds — A1 (b; — ai)(S(civ)) , (4.36)
CLl/)\
and define y)(z) := E,Y;*. Then for ) sufficiently small |\ log y2(z)| < € uniformly in
x. Thus

Ey exp [~ m(At)v(Xy) dt
exp A~ 1f0 mtv) dt

=E, (Y7 ... Y;)) = B (Y] ... Y, 490 (Xa, 0))

e/)\E (Y Y)\ ) < ene/)\’
and so we have the right upper bound. Similarly we have the lower bound.

Let us now define I(m fo v(X¢)dt, Ly(m) := AogEexp I\(m), and

= [, 6(myv)dt. Then )\\I,\(ml) - [)\(mz)‘ is bounded by ||v|oo||m1 — mall1
umformly in w, and hence |Ly(m1) — Lx(my)| has the same bound. Because |0(v1) —
§(v2)| < |v1 — v2], the same bound also dominates |.J(m1) — J(m;)|. This L'-continuity
and (careful) application of monotone class theorems let us generalize firstly to all

bounded m of compact support and then to all m in L'(R™).

For the differential equation, we need only apply the Feynman-Kac formula to the
space-time process Y; := (X, 7¢), where 7, = 79+, which has generator L+ 0;. Taking
A = 1 for simplicity, for v in C,(E), we define vy on C,(E x RT) by vy (z,t) := myv(z),
and

Ay ::/0 vy(Ys)ds:/O 0,m(s)v(Xs)ds. (4.37)

Without loss of generality we can assume that v is non-negative, because if (4.33)
and (4.34) hold for some v, then they hold for all vectors of the form v + a1, where
1 is the constant vector (1,1,...,1). This shifting identity follows from the fact that
d(v + a1) = 6(v) + a, a property which 7 inherits. Then the semigroup P” defined by

Py f(y) = Eyp—y (™ f(V2))
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has generator L' := L+ 0, +m;V, as seen in, for example, I11.39 of Williams [39]. Then

if we set ((x,t)) := ¢(z,t,1,v), which is continuous in ¢, we have that
PYo(Ys) = Exy (e (13)) = Ey; (E(exp AulF1)) = 0(Yo): (4.38)

Thus t~}(P? — I)¢ = 0, implying that ¢ is in the domain of L and is annihilated by
it. The equation L”¢ = 0 is exactly (4.34). O

We note that in the case of X a standard Brownian motion and the exponential

discount m; = e~* and v(z) = I(z > 0), then (4.34) is equation (1.22) of Chapter One.

Corollary 4.9 Suppose that X is an irreducible Markov chain on a finite state-space S,
with Q-matrix Q, and m is any density on [0,00), and A is defined by (4.26), then the
large-deviation property analogue of (4.28) holds for Ay with rate function K,

limsupAlogP(Ay € F) < — inf K(v), and liminfAlogP(A) € G) > — inf K(v),
A0 VEF A—0 veG
(4.39)
for F and G respectively closed and open subsets of M. The rate function K relates to the n of
(4.33) through the following equations:

K(z) = suRp;@, x) —n(v), (4.40)
n(v) = sup (v, z) — K(z), (4.41)
xeM

where M = M;(S) = {(x;)l1 : >, zi =1, x > 0}.

Proof of Corollary 4.9 We are in the context of Proposition 4.8 because X will satisty
condition (U) of 4.2.7 of Deuschel and Stroock [15], which is sufficient for the limit
d to exist as required by the theorem. The large-deviation property and (4.40) come
from theorem IL.2 of Ellis [18]. In his language, ¢ is our v, Y, is our Ay, ¢,(+) is our
Alog p(z,0, A, ), and ¢(-) is our 7(-). As 7 is defined and differentiable on the whole of
R¥, it meets Ellis’ ‘steep” hypothesis. From (4.33), i inherits the (strict) convexity and
differentiability of §, which gives (4.41). O

We complete this section with a pair of results about the large-deviation rate

function K. The former of these is in the spirit of Proposition 2.4 of Chapter Two and



4.3 General discounts 68

identifies the points where the various suprema in Legendre transforms (4.40) and
(4.41) are achieved. This leads to central limit results and the major result of the next

Section.

Proposition 4.10 Under the conditions of Corollary 4.9, K is finite, twice differentiable and
strictly convex on Int(M), and the supremum of (4.40) is attained uniquely (up to multiples

of 1) at v = VK (z), and the supremum of (4.41) is attained uniquely at x = Vn(v).

Proof of Proposition 4.10 It is immediate from its definition that 6(v)/||v][ec — 1
as ||v]|c — oo with v > 0. But as also |d(v)| < [|v]|c, the Dominated Convergence
theorem gives us that 7(v)/||v||« goes to 1 as well. Take x € Int(M) and suppose there

exists a sequence of vectors (v,,) such that
<Um$> - 77(”71) — 00.

Without loss of generality we can replace (v,,) by (v, — (min; v,,(7))1), because n(v +
al) = n(v) + a, and thus assume that the (v,,) are positive, with at least one zero

co-ordinate. The sequence must still get infinitely large, but
(V) = 1(on) < Jlollos (1= mina,) = n(va)/lonlls ) (442)

which is large and negative for large n, contradicting our supposition of K (z) = occ.

As remarked in Corollary 4.9, n inherits the smoothness and the strict convexity
on 1+ of 4. Its continuity means that the supremum must be attained at some finite
point 9(z), and the convexity gives the uniqueness. The differentiability shows that
the maximizing ¢ will be the solution of Vn(v) = x. We can expand ¢ around an z as

b(z +€) = d(x) + H, ' to see that
K(x+¢€) = K(x)+ (0(x),€) + %eTHn_le + o(€?). (4.43)

Thus K is twice differentiable, VK () — 9(x) is a multiple of 1, and K is locally (and
hence globally) strictly convex. (Technical note: we are regarding H,, the Hessian of
n, as an automorphism of 1+.) By the above x = V) (v) is a solution of (4.41), and the

strict convexity of K shows it is unique. O
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In the simple example studied in Section 2.3 of Chapter Two, the rate function
was calculated exactly as K (z) = > m; log(m;/x;), which is infinite on the boundary of
M, whilst the Cesaro rate function I is finite everywhere. Note that we can see that /
is finite in the general Corollary 4.9 situation by considering equation (4.31). We shall
have further remarks about this example in the next section, but for the moment we

derive a necessary and sufficient condition for K to be everywhere finite or infinite.

Proposition 4.11 Under the conditions of Corollary 4.9, the rate function K is either
everywhere finite or everywhere infinite on the boundary of M according as to whether the

support of the discount function m is of finite or infinite (Lebesgue) length.

Proof of Proposition 4.11 Firstly let us define V. to be the space of elements of (R™)™
which have at least one zero component. We note that AV, = V. for any positive },
which is a feature we shall use later. For z in Int(M/), we take v, to be the unique choice
in V4 of the v = VK(x) in Proposition 4.10. In fact the pair (VK, Vn) represents a
homeomorphism between Int(A/) and V... Then x = V7(v,), so by taking the gradient

of (4.33), we can write x as
T = /000 m¢Vé(myv,) dt.
Then because (v, Vi(v)) = d(v) + I(Vd(v)) for all v in R™,
(vg, ) = /O Oo(a(mtm + I(Vé(mtvm))) dt = (v, + /O h [(V(myv,)) dt.
As v, is the optimal v in (4.40), we can express K (z) as
K(z) = /O h 1(Vé(myvy)) dt. (4.44)

Thus, for an upper bound,

K(2) < sup 1) [ I,y di = sup I(y) Lebsupp(m),
yeM 0 yeM

and so K is bounded on all of M if the support of m, supp(m), is compact. The rate
function I is only 0 in M at 7, and V¢ only takes the value 7 in V at 0. Thus from

(4.44) we have the lower bound

K(z) > Leb{t:m; > |lv, ||} } inf{I(V5(v)) :v € Vi, [[v]loo =1} > 0.



4.3 General discounts 70

Now as x tends towards 0M, the boundary of M, the vector v, tends to infinity in V.
So if m has unbounded support, then K(x) tends to infinity as x tends to OM. The
intuition, of course, is that X can with positive probability avoid hitting a certain state

for all times in a finite length set but not for all times in an infinite length set. O

4.4 More exact results for Markov chains

Our aim is to obtain a sharper version of (4.33) for finite Markov chains, and then to

derive more terms of the asymptotic expansion of the density of Aj.

The initial case studied in Chapter Two was of a symmetrizable (reversible)
Markov chain and a smooth discount density m. It turns out that m need only be of
bounded variation (see below), but for technical ease we shall give the proof first in

the case where m is also absolutely continuous.

More interestingly, the symmetrizability is seen now to have only been needed to
make one of the eigenvalues of () real and its corresponding eigenvector orthogonal to
the others. This in fact happens automatically because every (non-diagonal) element
of ) is non-negative (we say that @ is essentially non-negative). The following theorem

collects all the facts about non-negative matrices that we will need.

Theorem 4.12 Let R be an essentially non-negative n x n matrix. Let § be its principal
eigenvalue (the one with greatest real part). Then 6 is itself real, and its corresponding
eigenvector is non-negative and no other is positive. If, in addition, R is irreducible (in
the stochastic sense), then ¢ is simple, its eigenvector is strictly positive and no other is
non-negative, and there exists a real diagonal matrix F with positive elements such that
S := 61 — F~'RF has a simple eigenvalue zero, with an orthogonal eigenprojection P, and

that, for some positive o
(Sz,x) = o|(I — P)x||?,  forallz € R™. (4.45)

(Where ( , ) and || || are the standard inner product and its norm on R", and an

orthogonal projection P satisfies PT = P? = P.)

Proof of Theorem 4.12 For the first parts see the Perron-Frobenius theorem in, for

example, theorem 1.5 of Seneta [34] or theorems 1.7.5 and 1.7.10 of Kato [24]. For the
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existence of F' see Theorem 3.2, which itself is adapted from theorem 1.7.13 of Kato [24].
[

We recall that the variation of a measurable function z : [0,00) — R on [a, b] is

defined as
Va(a,b) :=sup Y |a(t;) — x(ti1)], (4.46)
i=1
where the supremum is taken over all partitions: a = t) < t; < ... < t, = b of

[a,b]. We say that z is of finite variation (FV) if V,(0,t) is finite for all ¢, and that =
is of bounded variation (BV) if V,,(0,00) := lim;_,~ V(0,t) is finite. An absolutely
continuous BV function is the partial integral of a function in L!(0, 00). (My thanks to

James Norris for correcting a previous mis-statement here.)
We can now begin by strengthening (4.33):

Theorem 4.13 Let X be an honest irreducible Markov chain on a finite set S, with Q-matrix
Q. Let m be a non-negative absolutely continuous density on [0, 00) of bounded variation.

Then, if X starts in state i and v is in RS,
E; exp / m(A)v(Xy) dt = "/ (w;(mov) + o(1)), (4.47)
0

where n(v) is as in (4.33) and w(v) is the positive eigenvector of () + V and o(1) tends to 0
locally uniformly in v as X goes to 0.

Proof of Theorem 4.13

The chain has an invariant distribution 7, but we do not need to assume that Q) is
m-symmetric. We will aim to get a uniform bound for all v in some compact subset Vi
of R¥, and for a fixed m such that V;,,(0, 00) < Ky . Since Proposition 4.8 gives us the

asymptotic exponential size of ¢, it is sensible to discount it by the same, by defining

Yi(t, A\, v) :=exp (—)\_1/ §(0ymsv) ds) o(i,t, A\, v). (4.48)
0
Then 1 satisfies the vector differential equation transformed from (4.34)

O = AT R(myw)p, (oo, N) =1, (4.49)
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where R(v) is 6(v)I — (Q 4+ V) which has a simple eigenvalue at 0, and all its other
eigenvalues have positive real part. From Theorem 4.12, there exists a real diagonal
matrix F'(v) with positive elements, such that S(v) := F~!(v)R(v)F(v) has an orthog-
onal eigenprojection P(v) onto the space spanned by the strictly positive eigenvector
y(v) corresponding to the eigenvalue zero. Further there exists a positive o(v) such

that (4.45) holds, that is
(S(v)z,z) = o(v)||[(I = P(v))z|? for all z, (4.50)

where ( , ) and || || are the standard inner product and its norm on R®. Kato [24], or
otherwise, tells us that R, S, F', P, y and o are smooth in v with bounded derivatives on
Vi . Let 0g := inf, ¢y, o(v), which is positive. We now fix v, although our bounds will
still be uniform, and write R, for R(awv), and so on. We can choose the normalisation
of F' uniquely such that Fy = diag(m, Y 2) and P,F;'F!y, = 0, and by choosing
|ly(v)]| = 1 we ensure that P,y/, = 0 and yo = /7.

As in Chapter Three, we change bases appropriately by defining
X(t, ) = F iy (t, A). (4.51)
The differential equation (4.49) now becomes
Oex = A S X + Jmpxm’,  x(00,A) = v/, (4.52)

where J, := —F,'F/. Then by taking the inner product of (4.52) with x we can

produce a differential inequality in the norm of y,

10.IxIF = 0 — KillxliFlmil,  sothat [|x||: < exp (Kl/ lm'sldS), (4.53)
t

where K7 := sup ||J,]|, the supremum taken over the range o € [0, Ky | and v € Vk.
Whence we deduce that x is uniformly bounded in ¢ and A by K, = exp(K1Kv).
Now we split x up according to the decomposition I = P, & (I — P,), and define
X—(t) := (I — Pp))x:- We differentiate x _, using (4.52), to get

Oix— = AN"1Sx_ + (I — Pp)Jmxm’ — P, xm/,  x_(c0,\) =0. (4.54)
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Taking the inner product of this with x_ itself, we derive the inequality
10uIx-1F = A oollx= I} — Fy (K1 + Ko) [x—lefmy (4.55)

where K, := sup || P, ||, with the supremum taken over the same range as /7. Which

we can integrate to get the upper bound
IX_lle < (K + KK, / e~ =0/ ! | i, (4.56)
t

And so we see that x_(¢, \) tends to 0 as A tends to O for all finite ¢, though note that
the convergence is not necessarily uniform in ¢. Finally we consider the component of
X in the y,, direction, {(t, A) := (x(t, A), Ym(s)), which is governed by the differential

equation obtained from (4.52)
A&t = (x—, Jy +y')my, (o0, A) =1, (4.57)
where we used the fact that PJy = Py’ = 0. Then
() =11 < (K + 82) [ (s, 0] o s, (4.58)

which, by the Dominated Convergence theorem, tends to 0 uniformly in ¢ as A goes to

0. So
(1,0, X, v) = exp(n(v)/A) ((Fy)i(mov) + o(1)), (4.59)

and F'(v)y(v) = w(v), where w(v) is the positive eigenvector of () + V, with the nor-
malisation that w(0) = 1 and J,w(av) is orthogonal to the positive eigenvector of
Q" + aV. In the case where Q is m-symmetrizable (r;¢;; = m;¢;;), then the normalisa-

tion condition becomes |[w||, = 1, where ||[v]|2 = 3 702, O

The next theorem removes the restriction that m need be continuous, but takes
us into the technicalities of FV functions. The casual reader can pass this by without

disadvantage.
An FV function can be written as the difference of two increasing functions, that
is
Tt :xo—i—xf—mt_,

where xf = Yz +Vo(0,t) —x0) and z; = 3(xo + Vi(0,t) — ;).
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And so x has only countably many discontinuities (though they may even be dense),
and thus can be taken to be an R-function (right-continuous with left limits). We
shall take all our functions to be R-functions. We adapt the calculus from the left-
continuous integrands of V.18 of Rogers and Williams [33] (changing some signs) to

give the formulae

(Decomposition) x=xo+ ¢+ a®
(Integration by parts) d(zy) = xdy + ydx — AzAy
(It6’s formula) d(f(x)) = f'(x)dx® + A(f(x))

where z and y are FV and f is C!, Ax; is 2y — 24—, and z¢ and x® denote the continuous
and purely discontinuous parts of x respectively. There is an expression for z“ as
> 0<s<t DTs. As zt and 27 are increasing they induce positive o-finite Lebesgue-
Stieltjes measures on (0, c0), via z¥(a,b] = z; — 2. So we can associate = with the
(signed) measure of their difference. We write dr; = dz;” — dz; . We will also use the

notation |dz;| for dz + dx; = dV,. The differential expressions above are symbolic,

being merely shorthand for integral expressions.

We will also use an FV exponential result in that if x is BV and
if dr; > —x¢dy], then x; <z H(l + |Ays|) exp Viye (t, 00). (4.60)
s>t

Another useful result follows from integration by parts, in that

Ll|la? = (@, day) — 3| Az (4.61)

Theorem 4.14 Theorem 4.13 remains true if m is a discontinuous non-negative density of

bounded variation.

Proof of Theorem 4.14 We follow the proof of Theorem 4.13 exactly down to (4.51),
except that we take R, F' S and P to be functions of ¢ rather than v. We write G := F-1,
w := Fy and w* := Gy, and take the normalisation that |y = 1 ( <= (w,w*) = 1)
and (w,dw*) = 0 ( <= (dw,w*) = 0). Note that all these functions are BV. Then
(4.52) becomes

dx = \"1Sxdt + dG F. (4.62)
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So  1d|lx:l* > (dG Fx,x)t — HIAGFXIF = Killx:|*dGll, (4.63)

by (4.61) and (4.60), for some constant K. Hence ||| is uniformly bounded in ¢ by
some constant K, . Now using (4.62) and (4.61) we again work with the components

of x orthogonal to y,
llx-11} > SEIX-1F di + (dG Fx = dP x + AP, x-): = HIAPY)I?
> Tl dt = Ea([dG| + |ldR).
for some constant K;. So a result of the same form as (4.56) holds. Finally we find that
d§ = &(w, dw”) + (Fx_, dw"),

and we have a bound similar to that of (4.58), because (w, dw*) = 0. Explicitly, w; is
the positive eigenvector of () + m;V with the normalisation that w., = 1 and dwy is

orthogonal to the positive eigenvector of Q" + m;_V. O
We can calculate an exact expression for w.

Lemma 4.15 Let y(v) be the positive eigenvector of Q + V' of constant norm, with y(0) = 1.
If w) := y(myv) and w} is the positive eigenvector of QT + m;V satisfying (w?, w}) = 1,
then

wy = w; H(l + (Aw?, w? exp/ (dw®e, w?)

s>t

Further w; = wy(v, m) is continuous in v.

Proof of Lemma 4.15 If we set w; = 7w}, then
dwy = dréw? + ry dw? + Argwd_ so {dwg,w) ) = dry + e {dwd, wi).

An application of (4.60) gives the expression for w. Elementary perturbation results,

in for example Kato [7], tell us that y is smooth in v and so
dwy (v) = (v, V)y(mw) dm§ + A (w (v)).
Thus the difference dw?(v) — dw?(u) can be written as

({0 =, V)y(me) + (u, V) (y(mew) — y(mew)) ) dm + Aly(mw) - y(ma).
Hence du(v) = dwd(w)] < Killv = ull ldm] + Kallo = ul |m,],
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where Ki = supy [[Vy()|| + Vi supg [lv[|[[Vy(v) = Vy(u)|[/[[v — ul| and some

constant K,. Hence w; is (Lipschitz) continuous in v. U

Theorem 4.16 Let X be an honest irreducible Markov chain on a finite set S, with Q-matrix
Q. Let m be a non-negative density on [0, 00) of bounded variation. Then where f;" is the

density of Ay on M under the law starting X at i, the (f\) can be written as

M) = e K@A 2N =D/ (det Hye ()2 (2)r) (2), (4.64)

(3

where K is as defined by (4.40), Hk denotes its Hessian taken with respect to M, z(x) is the
positive eigenvector of Q + diag(moV K (z)), and the residue term r> goes to 1 as X goes to 0,

in the sense that

limsup [ )z +VAy)dy <|F|, and liminf/ rMa+Vay)dy > |G|, (4.65)
L0 F AL0 G

for all z in Int(M), and for F and G respectively closed and open bounded subsets of 1+

Notes: (1) We take the Hessian regarding K as a function on an open subset of R" !,

thatis K (z1,...,2pn_1,1— 3" " ;). See the example at the end of this Chapter.

(3

(2) Unfortunately we would really like to prove the result that

P;(Ay € H) ~ / e K@ 2 \) =D/ (det Hye (2)) 24 () da, (4.66)
H

for suitable H, as A goes to 0. This could be proved if the integrand in our control of

r was r(x + \y) rather than 7} (z + v/ \y).

Proof of Theorem 4.16 Theorem 4.13 can be taken as saying that for v in R,

172 (@) = exp (A7 ((v,2) = 0(0)) ) 2 (@) /i) (4.67)

is (asymptotically) a density on M, where w;(v) is the wy(v, m)(i) of Lemma 4.15, and
our z;(z) will be w;(VK (x)). If AY under P; has the law f*, then we can derive a
central limit result by considering Z} := (AY — Vn(v))/vA. We see that for u in R?,
Ei(expu, 23)) = exp (A7 (n(v + VAu) = n(v) = (VAu, Vn(v))) )
o (wi(v vV + 0(1)) Jwi(v), (4.68)
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using the local uniformity in v of the convergence of o(1). As 7 inherits the smoothness

of §, we can expand it about v as
(v + V) = n(v) + (Vu, V() + $xu" Hy(v)u+o(N), (4.69)
and hence deduce that

i . v\) — 1T
lﬁgEz(exp(u, Z3)) = exp(u' Hy(v)u). (4.70)

In other words

Zv B N0, H,(v)).

We can think of f;’ A as the distribution of A, conditioned in some way to converge to
Vn(v), but we do not make this formal. Proposition 4.10 provides the interpretation

of Vn(v) as the maximizing x in the Legendre transform.

Recall that a sequence of laws (v,,) on a Polish space E converges to a law v
with respect to the weak topology on M;(E) if (v,v,) — (v,v) for all v in C,(E).
Billingsley [9], 2.1, shows that this is equivalent to each of the following

limsup v, (F) < v(F) F closed in F,

n—oo

liminfv, (G) > v(G) G openin E,

n—oo

and lim v, (H) =v(H) H in Ewith v(0H) = 0.

n—oo

Setting x = Vn(v), we recall from Proposition 4.10 that VK (x) is v, up to a multiple
of 1. The asymptotics of the density of Z} are given by

FEA ) = APV () ~ (2) (D2 det Hi () 2e 20T HE @Y 0 (4 hy),

(2

because
(v, 2+ Vy) —n(v) = K(z + V)
= (v,2) = n(v) — K(z) + VA(v = VK (2),y) — Ay Hg (2)y + o(A)
= A=ty Hi(z)y + o(1)).

The normal distribution N (0, H, (v)) itself has density

F(y) = (2m)~ "D/ det Hy (x) e i@y,
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as Proposition 4.10 tells us that Hx = H, ! on M. By Lemma 1.45.1 of Williams [39], if
H is bounded and |0H| = 0 then

/ In(y)(f() 7 Ny)dy — |H|,  or /H Mz +Vy)dy — |H|.  (4.71)

Hence by the equivalence of the above expressions for weak convergence, the result is

proved. O

The following Corollary is intended in the way of a remark, and was the original
statement of Theorem 4.16, but is now seen to be weaker, although perhaps a more

natural formulation.

Corollary 4.17 Under the conditions of Theorem 4.16,

limsup [ rMz)dz <|F| and  liminf / Mo dz > |G, (4.72)
A0 F MO Ja

for F closed in Int(M) and G open in Int(M). In other words, r(x) dz converges weakly to

dx on Int(M).

Proof of Corollary 4.17 Take G open in Int(M ), § small and positive with G5 := {y €
G : B(y,6) C G}, and B aball around 0, then by Fatou’s lemma and Fubini’s theorem

|Gs||B| :/ (liminf/ r;\(ac—f—\F)\y)dy) dx
Gs A0 Jp

<liminf/ /r;\(m—k\f)\y) dydzr < <1iminf/ () dm) | B|.
Gs JB MO Ja

L0

Letting ¢ tend to 0, we have one of our bounds. For some F closed in Int()/), we need
[priz+ VAy) dy to be uniformly bounded on F and for A near 0. Itis, and the bound
is

sup(27) " ~1/2 det HK(x)_% sup 2V Hr (@ < oo,
zeF yeB

Working with this F and with F° := {y € M : d(y, F) < §}, we can show in a similar
way that

limsup [ 7} (z)dz < |F°|,
A0 JF

and hence we are home. O
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Some remarks.

(a) Were the 7 to be equicontinuous (or some such condition) we would have that

r(z) — 1 for all 2 and hence that f}(z)/f}(x) — zi(x)/z;(2) and lim —(Q f*):/ f}

differs from myV K (x) only by a multiple of 1, as in Section 2.2 of Chapter Two, where
the choice of VK (x) in ker(9) was called g(x).

(b) Note that the proof of Theorem 4.16 gives us a central limit theorem for A as
Zy = (Ay — 7)/VX 2 N(0, H,(0)). (4.73)
Taking a Taylor expansion of § about 0 and integrating we discover that H,,(0) =

02Hs(0), where o = ||m|| - which is finite because m is in both L' and L°°.

Example. (This case was first studied in Section 2.3) Suppose we have a Markov
chain which is symmetric and space-homogeneous, with Q-matrix ¢;; = m; — d;5,
where 7 is a distribution on a finite set S. The Cesaro large-deviation rate function is
I(z) = 1— (3" /mir;)? and the exponentially discounted large-deviation rate is K (z) =
> m;log(m;/x;). We found then that 6(v) is the unique root ¢ in (max;(v; — 1), o) of

TG
,25—1—1—1)1- :1’
€S

and that 7 is given by n(v) = 6(v) — >, m; log(d(v) + 1 — v;). We find now that

Vil(@) =123 v ).
7 icS
Vid(v) = (6(v) + ]i — Ui)z/j; (6(v) + i — ;)
ViK(z)=1- %7
and V;n(v) 5(v) _,7_”1 — v

Here we chose VI and VK to be in the kernel of §. The distribution of A, can be

calculated explicitly to be a multidimensional -distribution with density
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Note that the Hessian of K on M is not the same as that derived from the extension of
K to R, but by using any of the following co-ordinate schemes:
K;: ROV SR foreachi € S
where ()i — K(z1,...,2i-1,1 — ij7xi+l, ey Ty)
J#i
or Ky:R" — R
where r— K+ (1-1"2)1/n) + 11" 2)%
What is happening here is that our choice of basis for evaluating the Hessian cor-
responds to our choice of basis for integrating which was made back at the start of
Section 2.2 of Chapter Two. The K| representation projects onto M/ and adds a strictly
convex term which is perpendicular to M. This representation is more natural, though
cumbersome to calculate with, and can be shown equivalent to any of the others by
verifying that the change of basis matrix has determinant one. Thus the Hessian (in

the K, realisation) and its determinant are given by
™ s s
Hy, (1})” = —251]' + —;L and det HK (H Z) Z —_.
Ty L ics T
The normalisation of the eigenvector z;(x) is that ||z||. = 1, so it is given by
2
€T xiN\ —1/2
=2 )"
b ojes Y
(The corresponding vector for the Cesaro case is \/z;/mi(>_; /7;7;).) We can now

calculate the residual functions using Stirling’s formula
[(z) = V2rz® te (1 + O(z 1)),

where |O(z71)| < K/x as 2 — oo for some constant K. It is thus discovered that the
residual functions r*(z) can be calculated and are found to be independent of both i

and z, and are of size 1 + O(\).

Hypothesis 4.18 We recall from Theorem 2.3 that in the set-up of Theorem 4.16 with
the exponential discount (m; = e~?), the density f* satisfies the vector differential
equation

L =-21Q1, (4.74)



4.4 General discounts 81

where £ is the matrix differential operator £ = diag(}_;;(9;—0;)x;)ics. Here wehave
changed the domain of f* from a subset of R"~! equivalent to M, to a neighbourhood
of M in R" by extension. The operator L is invariant to the extension chosen. If we

discount f* by the known large-deviation rate function K, that is by defining ¢* by

P ) = e K@ @rA) D2 ()

then Lg* =2TR(VK(2))g™.
This compares with equation (4.49) which said that
Op = AT R(muv)y,

where ) is the discount of ¢ as defined by (4.48). The matrix R(v) has a simple
eigenvalue 0 and all other eigenvalues have positive real part. We saw that 1) tended
to a multiple of the O-eigenvector of R(m,v) as A went to 0, and also that g* tended (in
some sense) to z(x), which was the 0-eigenvector of R(VK (x)). We can formulate an

analogue of (4.74) for the general discount case as follows.

Let us write Ay ; for AM, fooo Oim(As)dx, ds, where M, = fooo 0:m(s) ds, and
JM! for the density of Ay 4 if X starts in state i. Then A, ; will satisfy the large-deviation

(2

property with rate function K;, where
Ky =n; where n(v):= / S(M;'0ym(s)v) ds,
0
and we write fM as

f)\,t(x> _ e—Kt(ac)/A (ZWA)—(n—l)/ZgA,t(m).

Then M 'y L™ + 0pg™ = NTR(M 'my VK (7)) g™

Again Theorem 4.16 tells us that g™t tends (in some sense) to the 0-eigenvector, z, of

the matrix R. We hypothesize that the convergence is in fact pointwise.



Chapter Five

Processes on the Binary Tree

If you wish to advance into the infinite,

explore the finite in all directions.

Goethe, Maximen und Reflexionen
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5.1 Introduction and Summary

We consider a Markov chain on the nodes of the binary tree, I:

0

Figure 5.1 Graph of the Binary Tree

By choice of jump rates and the relative up-down weightings, we can ensure that the
chain is reversible, positive recurrent, and able to hit infinity and return in finite time.
Our basic structural assumption, on which we shall lean heavily, is of lateral symmetry
— that is that jump rates depend on the state only through its level and that the process
is equally likely to go left as right on any down jump.

As we shall see, Rogers and Williams [32] allows us the existence of the chain

with reflection at its boundary. The Ray-Knight compactification can be thought of as:

0

Figure 5.2 Ray-Knight Compactification

Let I be the points of the nodes of the graph, C be the Cantor set of limit points of /,
and F' be I U C, the Ray-Knight compactification of I.

Given the F-valued process X, the projection process n(X;), the level of X,
is also a Markov chain (by the symmetry) and is a birth-death process on the non-
negative integers with the one-point compactification at infinity. This level process

reflects from infinity, as the projection of the time-truncation of X is the same process
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as the time-truncation of the reflecting birth-death process.

The chain can be fully quantified by the jump rates from level n.

u(n) JH(m)
level n ¢ level n
An)/2 An)/2 Y\(n)

Figure 5.3  Graph process Figure 5.4  Projected BD process

The up-jump rate is 1, and the left and right down-jump rates are both ;\,,, and we
shall define ¢,, to be A\,, + p,,. We put m, := (Xo...A\p—1)/(41 - - - ptn) o, the invariant

measure for the BD process, choosing 7 to make 7 a distribution if it is a finite measure.
Let us give a formal statement of the construction of the chain on the tree:

Theorem 5.1 There exists a symmetrizable transition matrix P(t) and a Feller resolvent R
on F, and a strong Markov F-valued honest R-process X with law P(t) such that X makes
jumps from points of I as given by Figure 5.3, and reflects off the boundary C. Further the
P(t) semigroup is Feller-Dynkin (FD), and for all the boundary points £, Arx(§,1) = 1.

Proof of Theorem 5.1 The proof is given in Section 5.3.

NOTATION: We shall denote states of the graph process on I by 4, j and so on, and
states of the level process by n. For example the invariant measure of the graph
process, v, is given by v; = 2_”(i)7rn(i), where n(i) is the level of state i, and 7 is the

invariant measure of the birth-death level process as given above.

We can think in terms of the level process as being the time-change of a Brownian
motion reflecting at each end of a bounded interval, [0, a]. This is made rigorous later
(Section 5.4). The set of times at which this Brownian process is at 0 is a random
Cantor set, which in particular is uncountable and perfect. Our first question is
inspired by noticing that when the graph process first hits the boundary, it must almost
immediately return uncountably often to the boundary. But there are uncountably

many other boundary points nearby. Does it return to the same point of the boundary ?
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That is, is the boundary point regular ? One can think of a bolt of lightning which
bounces back off the ground and back down again repeatedly. From all the possible

bits of ground, how can it ever find again the exact spot where it first hit ?

Assuming (wisely) that we can arrange it so that all boundary points are regular
(and thus have individual local times), our second question is: can we find a jointly-

continuous version of the local time on F' ?
The precise answers to all these questions are contained in the following theorem:
Theorem 5.2 Let X be the graph process as constructed above. Then

(1) X is positive recurrent <= %, < 0o, and then

(2) X reaches the boundary in finite time <= Y. +— < oo, and then

N ApTn
(3) any (and hence each) boundary point is regular <= > b, < oo, and then

(4) there exists a jointly-continuous local time on F' <= >, \/ ¢, < oo, and then
(6) X has visited all the states of F' by a finite time,
where by, := ~>—, and ¢, := 3. _b,.

AnTn’ r=n

Corollary 5.3 If (1)—~(3) hold then

Z n'teh, <oco = there exists a jointly-continuous local time on F,

n
and ann =00 = there does not.
n

We shall see in the next and final Chapter how the conditions (3) and (4) can be

seen as translations of results for continuous space Lévy processes.

We now have enough to construct a boundary (Cantor set) valued process, which

we examine in Section 5.5.
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5.2 Proof of Theorem 5.2

This section contains the mathematics of the proof, the next contains the arithmetic.

Proof of Parts (1) and (2) These parts of the theorem are basic Markov chain theory.
See, for example, 4-3 of Wollff [7]. O

Proof of Part (3) Rogers and Williams [32] have given us a standard honest -
symmetric transition matrix function P(t) = (p;;(t)): jer, suchthatP;(X; = j) = p;;(t).
We define its Laplace transform R(\) and a v-normalised symmetric resolvent u by
Tij()\) = / G_Atpij (t) dt,
0

and  ux(7,7) = ux(4,%) :=1i;(N) /v

(5.1)

respectively. It is known that a boundary point ¢ is regular if and only if (for any
and hence all A\) u) has a continuous extension to (£,£) and uy(£,£) < oo. By the
definition of the Ray-Knight compactification, in for example III.57 of Williams [39],

we see that uy has a finite continuous extension to F' x I, and hence by symmetry to
Fx F\{(£,€): € € F\I}.

Let us put a partial order on F' by saying « < y for z, y in F, if n(x) < n(y) and
x is one of the points between y and the root of the tree 0. We say that x is above y,
and that y is below x. For any pair x and y, we let z A y be the <-greatest point which
is above both of them. Pick an i above { and let I; := {j € I : i £ j} be the set of all
points not below i. For any k below ¢, and for any j in I;, all paths from j to k£ must

pass through i, so that the strong Markov property implies that
ur(G, k) = By (M0 uy (i, k),

where H (i) is the time to first hit state i. Letting k tend to £ € C, we find that
ur(5:€) = By (e0) ua (i, ).

Then
> vua(i:§) = > vk, (6_”{(")) ux (i, §),
JEL; JEL;
_ /\Zjeji Vju)\(j7 f)
A jer ViEj (e_AH(i))

and so ux(i, &) (5.2)



52 Processes on the Binary Tree 87

Asigoesto &, I; 1 I, and the numerator in (5.2) tends upwards to Ary (&, I) which is 1
by Theorem 5.1. Therefore

1

’UA(‘S?‘S) = )\ZI l/jEj (e—AH(ﬁ))’

(5.3)

and uy (€, &) < oo if and only if H() < oo (a.s.).

We let the “up-jump time”, V,,, be a random variable distributed as the time to
hit level (n — 1) starting at level n, and let the “left-down-jump time”, 7},, be a random
variable distributed as the time to hit the point below and to the left of a start point
on level n. Then we can control the means and variances of these in the following

theorem.

Theorem 5.4 If (1) and (2) hold then

o0 2 2
_ m[n] Var(V.) — 1 Z ( [r] N mlr 4+ 1] )
EVn = M 1Th—1 ( n) An—1Tn—1 —n Ar—1Tp—1 Ap Ty 7
27t 7n + 1] 2" .27
= Var(T,) < K ; K,
ET, o , ar(7),) o 2 pw— for some

where w[r] == w({r,r +1,...}).

We defer this proof till Section 5.3, but the method of calculation in each case is
just to find the minimal non-negative solution to a system of equations induced by
conditioning on the first jump. We find that means are enough for upper bounds and
sufficiency, but we need control away from 0, that is variance information, for lower

bounds and necessity.

Proof of Sufficiency of (3) If ) b, < oo (where b, = 2"/\,7,) then Theorem 5.4
shows that Eo(H (£)) = > _,, ET,, < oo and so £ is a regular boundary point. O

Proof of Necessity of (3) Conversely, if > © b, = oo we use the following lemma:

Lemma 5.5 (Lower-Bound Lemma) If X : Q — [0, 00| is a random variable such that

E(X?) < KE(X) < oo for some K, then

E(1-e %) >aE(X) (5.4)
1 — e 4K

where o= «o(K) = Yo
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Proof of Lemma 5.5 The proof is given in Section 5.3, and uses concavity coupled

with the variance control. O

By Theorem 5.4 (noticing that (ET},)? is of no greater order than Var(T},)) we have that
E(T?) < Kd.E(T,),

(for some new K) where d,, = >_""_, b,. And so the Lower Bound Lemma 5.5 tells us
that
1 — o—4Kdn

— =Ty -
E(l-e )2 SKd. E(T},)

b
> a— forsome a > 0,
dp

as d,, — oo as n — oo. Kronecker’s Lemma tells us that Zn Z—: = oo, and we deduce
that 3>, E(1 — e~ ") = oo, and hence Eo(e #©)) = ] E(e ™) = 0, giving us the
necessity of condition (3). Here we have used, and will use again, the useful analysis
lemma that for a sequence (z,,) in (0,1), >, (1 — z,,) is finite if and only if [, =, is

positive. O

Proof of Part (4) Given (1)-(3), we can assume an individual local time L(¢, z) for
each point = of F. For (4) we use an excellent paper of Marcus and Rosen [28], which
uses an Isomorphism theorem of Dynkin between the Markov chain on the graph,
and zero-mean Gaussian process on the graph with covariance equal to the 1-potential

density u; (-, -). Their theorems 2 and 8.1 together state that

Theorem 5.6 (Marcus and Rosen) Let X be a strongly symmetric standard Markov Process
with continuous 1-potential density uy. Let L = {L(t,z) : t € RT, x € F'} be the joint local
time of X, then L is continuous a.s. if and only if there exists a probability measure m on F
such that

1/2

sup dr — 0 as d — 0, (5.5)

05 [1°gm}

where By(z,r) is the radius-r closed ball centered on = under the metric d, where
(. y) = [, 2) + wi(y, y) = 2w (2, )] 7. (5.6)

X is strongly symmetric if u; exists as a symmetric m-density for the Laplace transform

of P(t), which here is true. Our first step is to show (in Section 5.3)
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Lemma 5.7 Given (1)—(3), for z, y in F, with n(z) < n(y), then

aFuny (H(y) < d*(2,y) < AR, 0 (H(y)),

for some universal constants o and A.
Proof of Lemma 5.7 Given in Section 5.3. O

As already hinted, the upper bound follows from simple inequalities and knowl-
edge of the means, whilst the lower is derived from variance control and the more
subtle analysis of the Lower Bound Lemma 5.5. The lemma tells us that d is “equiva-
lent” to the sequence (c,,), and we essentially translate condition (5.5) of Theorem 5.6

into a statement about (¢, ), preserving both necessity and sufficiency.

Proof of Sufficiency of (4) We elect m to be ip + ic, where p is the probability
on I giving mass 2~ (?"*1) to each point on level n, and c is the Cantor distribution

(Hausdorff measure) on C'. Our condition holds, that is

/1 > 2"
—cp, h n = b, d b,:= .
; nc < 0 where c¢ TZ” an )\n7Tn

Putting x = ¢ € C, we can deduce from Theorem 5.4 and Lemma 5.7 that (for new «

and A)

QAlp(yng) S d*(&,y) < Acpyne)- (5.7)

Thus for r chosen to liein /Ac,, < r < \/Ac,_1, then I, :={y > £,} C Bq(&, r), where

&, is the point on level n above £. So
m(Bq(&, 7)) = m(l,) > ic(I,) = 2 (n+1)

and

N v 1 1/2 ~
/0 {logm} dréTZn\/Alog2(\/a—\/m)\/r+2

<K<\/m+i(ﬁ—ﬁ)ﬁ>

T=n

<K<\/m+i\/;>.
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By the monotonicity of (c,), y/nc, < 2> 2 'n/2] 1, which goes to 0 as n goes to

infinity, so that the whole right-hand side goes to 0 as we wish.

We also have to get a similar result when x = ¢ € I. Let N be n(i), the level

of ¢, and let i,, be the point on level n above i, for n < N. As before, for r such that

VAe, <r < \/Ac,_1, then {y > i,} C By(i,r). In addition for 0 < r < \/Acy, then
{i} € Bq(i,r),s0 m(By(i,r)) = m{i} =2-CN+*D_ And so

/mllog41 ]1/2dr< VMen + VNex + Doy rer M <N,
0 m(Ba(i, 7)) h Necar M > N,
which goes to 0 uniformly in N as M — oo. Thus the sufficiency is proved. O

Proof of Necessity of (4) For this we use the lower bound for d. If m is any probability
measure on F), set & to be 0, and recursively define £, ;1 to be the point immediately
below &,, which has no more m-mass in its subtree than the other point immediately

below &,,, so that m{y > &,} < 27". We set £ := lim,, {,, be a boundary point. If r is
such that \/ac,, <r < /ac,—1, then By(§,r) C {y > &,}, so

VacN 1 1/2 )
/0 [lOgm} d’l“> Z\/O&lOgZ(\/a—\/@)\/n‘}—l

>k Z cn for some k& > 0. O
n=N+1

Proof of Part (5) Fix{ € C'and let A, := {¢ € C : ( > &,}, where &, is the point on
level n above £. Let 7¢(t) := inf{s : LX(s,&) > t}, and set

p(n,t) := Pe(LX(1¢(t),-) > 0on A,).

The function p is monotone in each co-ordinate, and as L* is jointly-continuous
lim,, oo p(n,t) = 1, (¢t > 0). Thus p is positive for some (and hence all) n, and the

strong Markov property gives us that
1—p(0,Nt) < (1—p(0, 1)~

whence we deduce that lim;_, . p(0,t) = 1. If wenow set C; := {¢ € C : L% (¢,¢) > 0},
which is open as L¥X is continuous, we have proved that C; T C' ast — oo, and by the

compactness of C, we deduce that Cr = C' for some finite 7. O



53 Processes on the Binary Tree 91

5.3 Various Proofs

Proof of Theorem 5.1 The time-truncation arguments of Rogers and Williams [32] let
us take the limit of finite chains on the tree which reflect at level n to give us, their theo-
rem 9.13, a symmetrizable transition matrix P(¢) and Feller resolvent R on I. Section
II1.81 of Williams [39] extends these functions to the Ray-Knight compactification F',
and constructs the process X. By symmetry, either all or none of the boundary points
are ‘relevant’ points in the sense of that section, that is that a point ¢ is relevant if
Ara (€, I) = 1. Irrelevant points cannot be visited by X, but X does visit the boundary
on explosion, so implying that all boundary points, &, are relevant, in other words that

Ara(§, 1) = 1.
Finally, to show that P(t) is FD, we have only to work to prove that
Fif(x) = f(z)  astl]O,

for any f in C'(F'), the space of continuous functions on F, and for any «x in F'. This is
easy for z in I, so let us assume that v = { isin C. Given f in C'(F') and any positive e,
then there exists a level n such that if we let ,, be the point on level n above ¢ and let
I,, be the set of points below or equal to &, then | f(£) — f(x)| < e for all z in I,,. Then

as, starting at £, we cannot leave I,, without passing through &,
P& I,) > e %" Andhence |Pf(¢)— f(&)] <e+2[f|l(l—e ),

which goes to € as ¢t goes to 0. As ¢ is arbitrary, we can deduce that P(¢) is FD. O

Proof of Corollary 5.3 Firstly, if 5" n(1*9) b, < oo, then by Hélder’s inequality

1 1 \12 1/2
Sias (o) (Zw) <
because Znecn = an (i re) < Zn(HE) b,, < oo.

n n r=1 n

Secondly, if } | nb, = oo, then as

N N N N

ann:ZZbr <ch,

n=1 n=1r=n n=1
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we see that ) | ¢, = co. We consider the sequence (d,,), defined by d,, := /¢, /n, and
look at the set
A={n:d, 2 1/n}={n:c, > d,}.

If Ais finite, then (d,,) is eventually more than (c,,) so its sum diverges. If A is infinite,

there exists an increasing sequence (n;) in 4, so that by the monotonicity of (d,,)

Zd”22%=2(1—n§.1):o@, 1 Hn;_?:(). 0

7 %

Proof of Theorem 5.4 Let k,, be set to E(V,,), the expected time to jump-up one level
from n. We can expand V;, conditionally on the first jump as

0 with prob. ., /g,

Vi, = E(qn _ )
(gn) + { Vot1 + Vi, with prob. A\, /¢,

(5.8)

where V,, has the same distribution as V;,, £(«) is exponentially distributed with rate
«, and all variables on the right-hand side are independent. We know the (k,,) are the

minimal non-negative solutions to

1 An
kn:_+_(kn+kn+l)a (7121),
dn dn
or (An—lwn—lkn>::Wn'%(Aankn+ﬁ

(using pnm, = Ap—17mn—1). This has the required solution

il
)\n—lﬂ-n—l

Similarly the variance sequence (Var(V,,)) will satisfy

Var(V,) = q_2 + q_ [Var(VnH) + Var(Vn)] + qf

7[n)? w[n + 1]?

)\n—lﬂ-n—l /\n7Tn

or [A—1mp—1 Var(V,)] = [Anm, Var(Vi,41)] +

which has the desired solution.

Now we let h,, be equal to E(T},), the expected time to down-jump one level

from n to a particular point. We can decompose 7;, as

0 with prob.
Vi + Ty with prob.

NI— NI

%:5@@+{
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0 with prob. ;)\, /g,
T, =E&(qn) +{ Vay1 + T, withprob. iN,/q, (n>1) (5.9)
To_1+T, withprob. u,/q,,

where T}, has the same distribution as T},. So (h,,) is the minimal solution to

1 (1]
ho — 1p 1
0 )\0 +3hp + 32 )\07TO
1 n+ 3 n 1A\ 1
hn: +Iu Rk hn+uhn—1+2 7T[n+] ( 21)7
dn dn dn n  AnTn

or
)\oﬂoho =2 ﬂ[l]

()\nﬂ'nhn> - 2<)\n—17Tn—1hn—l> + 7, + W[n] (n = 1)

We can use induction to show that
(AnTphy) = 2" — w[n + 1], (n>0)

whence the result.

Finally Var(7},) will be the minimal non-negative solution to the following equations:

1
wmw:?+ﬂwm@+wmm+ﬂmm+mf
0
1 i [in
Var(T,,) = Z + . [Var(T,,) + Var(V,,41)] + " [Var(T,) + Var(T,,-1)]
l)\’I’L n + l)\’)’L )\’I’L n
1 Pale 2 ) [E(Ty, + Vi) + qé‘ [E(T;, + Tr1)I’
Anfin

) E<Tn + Vn—l—l)E(Tn + Tn—l>7 (n 2 1)7

which, on setting u,, to equal 27"\, 7, Var(7},), can be rearranged to give

(1+ m)? = wr 4 1)
S S LIV NG i e O
UuQ gy + ; o < 00

_ oo 7T[7" —+ 1]2 AL 7T[n + 1] zn—l . ﬂ_[n]
n — Un— " g Iipspy) —— + 4
' 2 r:n<1 " = )) Ar Ty " ( AnTn - An—1Tn—1
_+yﬂwn+gﬂﬂn+H2+An [n)? 2 [n)mw[n + 1] ns1),

dn dn )\nﬂ-n dn /\n—lﬂ-n—l )\nﬂ'n + )\n—lﬂ'n—l
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Hence

12 on 2n—1
Ungun—l+21_n(z T—;] ) 4<)\ +)\ e 1)

nﬂ-n

2l=ngm, w[n + 1]? 7[n)?
+ + 43—
4n AnTn An—1Tp—1

So, remembering that (1) and (2) hold

n 27, n 27~
<A+BZATWT<KZATWT (n>0),
r=0

for some constants A, B, and K. This delivers the required result. O
Y
P
0 a X

Figure 5.5 The concave function y = 1 — e~* and a subchord

Proof of Lower Bound Lemma 5.5 The function f(z) = 1 — e~ " is concave on the

bounded interval [0, a] (Fig. 5), so

f@) > 2 (1 _e_a) . forze[0,d]

a

Now

B(/(X) > E(f(X0iX <a) > (2 ) Bz < a) (5.10)
and by Holder’s inequality
E(X; X > a) = | X Iixsalh < 1X[2P(X > a)'/2 < (KE(X)P(X > a))"/>.

Further aP(X > a) < E(X), so we deduce that

E(X; X > a) < (K/a)?E(X).
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Choosing a to be 4K, then E(X; X < a) > ;E(X) and (5.10) becomes

B(r00) > (L ) BOX) .

Proof of Lemma 5.7 We can write d*(z, y) as
dz(xa y) = U1 (.’17, IL’) + w1 (y7 y) - Eac (e_H(y)>u1 (y7 y) - Ey(e_H(m))ul (xa x)

For the upper bound, we use the fact that (1 — e™*) < z to show that

d*(x,y) < [51615 up (2, z)} (E.(H(y)) + Ey(H(z))) .

We can split the expected hitting times into four summands, two being sums of (V/,)’s
from z and y to z Ay, and two of (T},)’s from x A y to x and y. Theorem 5.4 tells us that

the largest will be the down time from = A y to y, so

d*(z,y) < 4 {sup u1(z, z)] Exny (H(y))-

zeF

For the upper bound we throw away some terms to reveal that
2 ) Ty
d*(z,y) 2 ngﬁ uy (2, z)] <Em (1-e (y)))
zeF

> [inf ui (2, z)] <Echy(1 - €_H(y))> -

The function v, (z, z) is a continuous positive function on the compact space F, so the
sup and the inf are finite and positive. Remembering that > % is finite, Theorem

5.4 and the Lower Bound Lemma 5.5 together give us that
Em/\y (1 - e—H(y)) > CVEJIC/\y (H(y)),

for some positive a. O
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5.4 Time Substitution

We aim to tie the Markov chain on the nodes, F, of the graph together with a Brownian
diffusion on the graph, G, comprising of F' and the edges. We can construct the

diffusion by building up excursions from a point on level n as follows.

rrrrrrrrrrrrrrrrrrrrrr level n-1

1/(A(n-1)m(n-1))
,,,,,,,,,,,,,,,, level n

1/ (A(m)m(n))

rrrrrrrrrrrrrrrrrrrrrrrrr level n+1

Figure 5.6  Construction of diffusion

(We are only going to define the height and current edge of the process, the horizontal
position being thus determined.) Given a reflecting Brownian motion, we take its
excursions from 0 in order and make them excursions from our start point. The
edge that each excursion follows is randomly selected according to the law assigning
probability ; to going up, and probability ; to each of the down edges. Run this
process until it hits levels (n — 1) or (n + 1), then repeat starting from the new node.

We identify level n with the height z,, := 3" ., 5= (Fig. 5.6).

The height process then becomes a reflecting Brownian motion on the finite

interval [0, Anlwn ]. We notate the G-valued process as (X;), and the height process
as (V;). Then Trotter’s Theorem allows us a jointly-continuous local time LY for
the height process. For a good treatment of local times see V.3 of Blumenthal and

Getoor [12]. We can then time change Y via

A= anﬂy(t, Tn)

Tt :=1inf{s > 0: A; > t}.
We note that A is continuous and (weakly) increasing; 7 is right-continuous and strictly
increasing; A(m;) = t; and 7(A;) > t with equality if and only if ¢ is a point of right
increase of A. We time change the diffusion by setting Y; to be Y (), which by I11.37
of Williams [39] is a strong Markov process on the support of A ({0} U {z,, : n € N}).
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The local time of ¥ at a level before it hits an adjacent level (the holding time of the
Y -process) is exponentially distributed, by the strong Markov property, and with the
right normalisation of LY, our choice of (x,) has ensured that the jump rates of Y
agree with those of the BD-chain. In fact they are the same process. We can then define

the local time of Y, LY, on R* x N by

1 t
LY (t,n) := —/ I,(Ys) ds, (5.11)
Tn 0
and notice that by change of variable
vy 1t 1 . v
LY (t,zp) = — [ I, (Ys)dAs = — I, (Ys)dAs = LY (A, n),
Tn Jo Tn J g N[0,¢)

where J, is the set of the points of right-increase of A, which is all but countably many

points of the set of points of increase of A.

We can also time change the G-diffusion by 7 to produce X; := X (7;), which is
similarly a Markov chain on F' with the same jump-rates as the process we studied
in previous sections. Consideration of the time-truncation arguments of Rogers and
Williams [32] should convince that the processes are the same. Given that conditions
(1)-(4) of Theorem 5.2 hold, we can construct a jointly-continuous local time, LX for
X on F. It then follows that LX := {LX (A, 7)},er is a local time for X at the points

F in G. We can extend L* by interpolation on the edges to be continuous on G.

It is now possible to construct processes on the boundary, C, via time changes of

X and X induced by

A9 ::/CLX(t,g) c(d€) = LY (t,00),

&~

and  A?:= / LX(t,€) e(de) = LY (t,0),
C

~+

with 79 and 79 respectively the right-continuous inverses. This gives us the strong
Markov R-processes Z; := X(77) and Z; := X(#?). By the continuity of the local
times,

A%(Ay) = lim 27" Y L¥(Ayz) = lim 27" Y LN(t,x) = A7.

n— 0o n— 0o
x€level n x€level n
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For any (A, 7)-type pair, 7+ < s <= t < A,, hence

il <s = t<A? = t<AA,) = P <A, = 1(70) <5,

whence we can deduce that 77 = 7(7?) and that Z; = Z;. The process Z also has a

jointly-continuous local time LZ, given by
L(t,€) = L™ (77, §) = L¥(77, ).

In summary we can say that Figure 5.7 commutes. We have thus produced the same
process by taking local time on the boundary of both the chain and the diffusion, which

allows us to work with whichever is more appropriate for the current problem.

15}

vy & X I Z
ol
Yy «— X — 7

Figure 5.7 A commutative diagram of processes

5.5 The Boundary Process

We now finally turn our attention to the boundary process Z. We know that the graph
processes (both chain and diffusion) spend no intervals of time on the boundary, but
rather the set of times at which they visit the boundary is a Cantor set obtained by
removing the open excursion intervals from the time axis. The process will (almost
surely) not be back in its original position at the right-hand endpoints of these intervals
— even though it will return to its original position uncountably often almost imme-
diately. As the boundary Cantor set is totally disconnected, we see that Z must be a
very discontinuous process. In fact Z is discontinuous at a dense, though countable,

set of times.
Lemma 5.8 7 is FD.

Proof of Lemma 5.8 By adapting the argument at the end of II1.38 of Williams [39],
we can show that Z is FD if E¢(1 — e~ (") goes to 0 as 7 — £ in C, where H (1) :=
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inf{t > 0: Z; = n}. Now H(n) is almost surely a point of right-increase of A9, so
H(n) = A%(H(n)). We can write H(n) as

H(n) 2 Uy =Y (T, +Vos1),  wheren =n(é An),

T=n

and  A%(H(n)) 2 A*(U,) = i A,

with AY the local time on the boundary notched up while a version of the process did
an up-down 7;. + V,.41. Then U,, | 0, A*(U,,) | 0, and thus (1 — e‘A*(Un)) l0asn —¢,
giving the result. O

By VI1.28 of Rogers and Williams [33], there exists a Lévy system (N, H) for Z. In

our case H; = t, and N as usual is a kernel, that is a function
N: (C7B(C>) — [07 OO]?
such that N (-,I") is B(C)-measurable, for all I" in B(C'),

and N (&, -) is a o-finite measure on B(C), for all ¢ in C.

In addition N (¢, {{}) = 0 for all ¢ in C, and N has the Lévy property, in the sense that
for any non-negative borel-measurable function f on C x C with f(£,&) = 0 for all £

in C, then
fo_ § : _
Mt L f(Z8—7 ZS) /(V()’t] ds/;N(ZS—udé)f(Zs—ué)

s<t
is a martingale, if the expectation of either term is finite. We can think of N (&, dn) as

the rate at which jumps from £ to dn of Z occur.

We can calculate this directly using excursion theory, and we will not need any
more than is in Rogers [31]. By thinking of the diffusion height process, proposition 2

of Rogers [31] tells us that the rate of excursions from ¢ in C' to level n or above is
1 1 1
= h. r = .
Tn Z:O:n Qr ’ where a )‘7“71-7"

(The factor ; is lost because we have reflection at the boundary so all our excursions

go up.) Therefore the rate of excursions from { which have their furthest extent on
level n is simply the difference

A ::i_ 1 :{m:;nll n>1

1
Tn Tn—1
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The chance that such an excursion ends up in dn C C is then (by symmetry) exactly
2"¢(dn) if £ Anis on or below level n, and 0 if not. We deduce that the rate of excursions
from £ to dn is given by the following:

Lemma 5.9
n(EAn)

N (€. dn) = c(dn) (1+ > 2 b )

Zo el LTndn—1

Proof of Lemma 5.9 For £ in C, let ,, be the point on level n above ¢, and let A,, be
the set {¢ € C : ( > &, } of points of C below &,,. For any subset B of C'\ A4,,, we notice
that N (-, B) is constant on A,, by symmetry. We can set f(z,y) := I4,(x)Ip(y), and

— inf{t: Z, ¢ A,}. Then E(M]) = 0 implies that N (¢, B) = (E(T)) " 'P(Zr € B).
In other words, N (&, B) is the rate of T-jumping multiplied by the chance that a jump

goes into B. all of which is just the rate of jumping into B. So

n(&An)
N(&,dn) = 22132
and the result is proved. O
Example In the geometric case, with
An :Oén7 Hn = an/f% and Tn = (a;7>(7/a)n’
—n —(n—1) n
then L o R il , b o= a(2/7)
AnTn o =7 (a_'7>('7_1> " a—y ’

and N(&,dn) =c(dn)(A(2y)" + B)  wheren =n({ An); A, B> 0.

The conditions of Theorem 5.2 translate as (1) a > v; (2) v > 1; (3)&(4) v > 2, and we
assume that all these hold. Then H,,, the first time to leave A,,, will be exponentially
distributed with rate

A" 1)

+B(1-2"").

We can form an analogue of the walk dimension of a diffusion as

lm log E(H,,)

n—oo —Nn

= log .
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This can be seen as a measure of the asymptotic neighbourhood escape rate of the
process. As v gets larger it takes longer to escape as the downward pressure inhibits
larger excursions. The normal scaling logarithm in the denominator is missing as there

is no obviously natural metric on C. O

There is (at least) one easy generalisation of the chain, keeping the same basic
structure, by taking the M-ary tree with M down edges, all equally likely, from each
node (Fig. 5.8). In the case of M = 3, the Ray-Knight compactification can be thought
of as a tree-like graph (Fig. 5.9).

0 i
L
&

h o
+

ah T | Tt
e

Figure 5.8 Ternary Tree Figure 5.9 Ray-Knight compactification

Everything thus described still holds, with the alteration of the down-jump time line
of Theorem 5.4 to

M — 1 MY S M”
_ AU Varr,) < K

ET, , forsome K.

AT AnTh ‘ ATy
r=

And Theorem 5.2 holds with b,, := M"/\,m,. The Lévy kernel N is as stated above

for these new values of (b,,), and the number 2 replaced by M.



Chapter Six

Two-dimensional Local Time

“How often have I said to you that when you

have eliminated the impossible, whatever remains,
however improbable, must be the truth.”

— Sherlock Holmes

Sir Arthur Conan Doyle, The Sign of Four

102



6.1 Two-dimensional Local Time 103

6.1 Introduction

For a general two-dimensional diffusion, it is of course impossible to find a local time
at each point. However, we shall manage to construct a diffusion with a continuous
local time on a special one-dimensional subspace. We are inspired by the process on
the Cantor set in Chapter Five, as viewed as the boundary of the binary tree. In that
case, the basic process was a Markov chain; and in our current continuous state-space
case, the exact necessary and sufficient conditions are slightly more involved, although

we shall develop easily verified sufficient conditions.

We shall work within the upper half-plane S := R x RT in R?, and we shall
focus our attention on the bottom edge Ry := R x {0}, and on the point 0 = (0,0) in
particular. We define a two-dimensional diffusion Z; = (X, Y;) by taking Y; to be a

reflecting Brownian motion in R, and X; to be governed by the SDE
dX; = o(Y;) dB, (6.1)

where B is a Brownian motion independent of Y, and ¢ is a non-negative function on
R*. As X is a continuous local martingale, we can write it as the time change of a new

Brownian motion B,

X, = B(/Ot o2(Y,) ds). (6.2)

Now the time change fot 02(Ys) ds can be written in terms of the local time, LY =
LY (t,y) of Y at y by time ¢, as [;* o?(y)LY (t,y) dy. Thus a necessary and sufficient
condition for X to be well defined by (6.2) is simply that

K
/ o%(y) dy < oo, for all finite K. (6.3)
0

The alert reader might point out that a time change of the process Z would result
in its horizontal component being a standard Brownian motion independent of the

vertical process Y which is now governed by the SDE

dB;
o(Yi)

Y, = (6.4)
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Despite the simplicity of this representation, our original formulation will prove more
tractable, but either case contains the same moral. To make Z return to a point on Ry,

either X will have to be moving very quickly, or Y must move very slowly.

We can see a simulation of this process to get anidea of how it behaves. Figure 6.1

—-0.9

shows a particular sample path with o?(y) = y~°?, starting at (0, 1), and for ease of

inspection, we condition the Y co-ordinate to move deterministically towards 0.

L

0.6
0.4

0.2

-0.5 0 0.5 1 1.5 2 25

Figure 6.1 The Z process moves towards the x-axis

We can believe from this picture that Z could actually build up a local time around
about the point (2, 0) where it hits the z-axis. We can start to prove this rigorously in

the next section.

6.2 Calculations

We shall denote the probability transition density of Z by p? (w, z) for w and z in S,
and as everything in sight is reversible, p? is symmetric with respect to the uniform
invariant measure. Recall that a Lévy process is a R-process (right-continuous with left
limits) with stationary independent increments. If X is a Lévy process started at 0,

then

Eexp(i0X;) = exp(—ti(6))

where  1(0) = icf + 15%0% + / (1 — e 4 Zgny) v(dy),
R
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and where ¢ € R is the drift, 0 > 0 is the Brownian component, and v is a measure on
R such that [(1 A y?) v(dy) < oo and v({0}) = 0. Further, if X is purely discontinuous
and symmetric (p;(0,G) = p:(0,—G)) then ¢ = ¢ = 0 and ¢ is real, so that ) has

Lévy-Khinchine representation

P(0) = /R(l — Cos(Qy)) v(dy).

Pausing only to remember that a point x is reqular if P, (7, = 0) = 1, where T}, :=
inf{t > 0: X; =z, or X;_ = x} is the first time to return to x, we can call on the

following condition for regularity:

Theorem 6.1 (Bretagnolle and Kesten) Let X be a symmetric Lévy process with prob-
ability transition density pi(z,y) = pi(0, |x — y|), A-resolvent uy, given by uy(z,y) =
Iy~ e Mpy(x,y) dt, which is monotone in |x — yl|, and cumulant x = x(0) which is real,

non-negative and even, such that

Eo exp(i0X;) = exp(—tx(0)). (6.5)
Then setting C' := {x : Py(T, < oo) > 0}, exactly one of the following holds:
Either (i) C = 0, ux(0,0) = oo, fooo()\ + x(0))~1df = oo (VN), and 0 is not regular,
or (ii) C = R, ux(0,0) < oo, [77(A+ x(0)) ™" df < o0, ux(0,2) = kxEo(exp(—AT,)) for
some finite ky (Y\), and 0 is a reqular point.

Proof of Theorem 6.1 From Bretagnolle [13] and Kesten [26]. Note that if 0 is regular,
then Py(7p < oo) =1, so that 0 € C, and so (ii) must hold. We can also replace their
condition (ky < 00) by (ux(0,0) < 00), because of the monotonicity of uy. This is the
result in the more familiar form: if v, is bounded, then it is continuous, so the point is

regular. Of course, all the points are regular if and only if any one of them is. O

Before we can calculate the resolvent and apply Theorem 6.1, we need to calculate
the probability transition density, and our first step is to prove a lemma about the

maximum height of a scaled Brownian excursion.

Lemma 6.2 Let W = (W,)!_, be a scaled Brownian excursion of length 1, let W* =
sup,, Wy, and let § be positive, then

E((W*)°) < ooc. (6.6)



6.2 Two-dimensional Local Time 106

Proof of Lemma 6.2 The distribution of W* was found explicitly by Kennedy [25], but
it is easier for us to use a remark of his, later proved and made intuitive by Vervaat [37],
that we can write W* as W* = V* 4 (—V)* where V = (V,,)!_, is a Brownian bridge
with V) = V4 = 0. By using the observation that for all positive x and y

20 490 if5 <1,

6.7
207120 +y%) if5>1, (6.7)

(:v+y)5<{

it is sufficient to show that E((V*)?) is finite. By change of variable, we can write V in

terms of a Brownian motion B as

V(%ﬂ) - 11—?15 (t20),

and thus P(V* > ¢) = P(3t : B, = ¢ + ct) = exp(—2¢*). So we can calculate E((V*)?)
as 27921 (1 4+ §/2). O

The height process Y has a local time LY (¢,y), and we set 7 to be the right-

continuous inverse to LY (¢,0),
7 :=1inf{s: LY (5,0) > t}. (6.8)

Then a time-changed process X; defined by X; := X (;) is another Markov process on
R. We can calculate the transition density function p; of X, which is also symmetric,
as is its 1-resolvent u;. There are analogues for Z of the following theorems about X
which directly prove that Z has a local time on Ry, but we cannot deduce its continuity.
Although our path is not the direct route to the local time, we will end up in a stronger

position.
Theorem 6.3 The process X has symmetric transition density function p, given by
1
pe(z, 1) = E((275:) " 2 exp(—(z — 2)?/2%)), (6.9)
where X := / o?(Ys) ds.
0
In addition the functions p.(0, z) and u;(0, z) are continuous and monotone for x positive.

Further, if 0(y) = y= for some « in (0,1), then uy(0,0) is finite and u1(0,z) is thus

continuous at x = 0, so each point of R is reqular for X.
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Proof of Theorem 6.3 Without loss of generality, we can take z = 0. Let G be the
filtration induced by Y (7;), that is, G, := o(Y;s : 0 < s < 7¢), then ¥ is G;-measurable,
and X, conditional on G; has a normal distribution with zero mean and variance ¥;.

Thus
1 —? /25,

ZPO(Xt €lr,z+€|G) = €

1 x+e
/25, /m c Nz

with monotone convergence on the right as ¢ tends downwards to 0 (for = non-

—y* /2%, dy 1

negative). So by the Monotone Convergence theorem the probability density result

follows.

As ueu/2 < e 2 /z for all u, we note that the right-hand side limit above is
continuous and monotone in positive z, and dominated by (Zwe)_% /x. Thus p,(0, x)
is also continuous and monotone in positive = and dominated by k/z. Dominated

Convergence now shows that u; (0, z) inherits these same properties.

Given that 0?(y) = y~, we need to calculate an upper bound for (Zt)_%, so we
tirst need a lower bound for ¥, itself. We shall begin by remembering some scaling
properties of Brownian motion. If Y is our reflecting Brownian motion in R*, then for
any positive c the new process Y given by

-1
Yii=c Yoy

is another reflecting Brownian motion. The corresponding local time LY and LY, and

their inverses 7 and 7 are related by
LY(t, y)=c LY (*t,cy), and 7 = c Ty
We can see that the corresponding Y and ¥ satisfy
5 =28,
By choosing c to be ¢t !, we see that
5, 2 2oy, (6.10)

We shall now focus on obtaining bounds for ;. Let T be the length of the longest

excursion of Y in the interval [0, 71]. Now we know (Rogers [31]) that

P(T < s) = P(#{excursions of length > s in [0, 7]} = 0) = exp(—a//s),
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for a constant a. This longest excursion will be distributed as (vTW (u/T))’_,, where
W is a scaled Brownian excursion of length 1 independent of 7. Thus, because ¢ is
decreasing,

Y > Tl—a/Z(W*)—a,

where W* is the supremum of W. So, for 3 positive,
E(S;”) SE(TPHRB((W*)*F) < oo, (6.11)

because E(T~7) = a=2"T(1 + 2v) is finite, and all moments of W* exist by Lemma
6.2. In particular, (6.10) and (6.11) give us the bound that E(E;%) < kt~1+/2 for some
constant k. So p;(0, 0) is dominated by a multiple of t~1+/2, which is integrable with
respect to e~ dt over (0, c0). Thus u; (0, 0) is finite, and regularity follows immediately

from Theorem 6.1. O

6.3 Local Times

For the present, we take 0%(y) = y~° for some « in (0,1). As in V.3.13 of Blumenthal
and Getoor [12], we may now deduce the existence of a local time of X, L = {L(¢, z) :
t € RY, z € R}. We shall, similarly to Chapter Five, use theorems in Marcus and
Rosen [28] to ensure that L is jointly continuous in time and space. Firstly we have to

obtain some bounds on differences of u.

Theorem 6.4 Let 0%(y) = y~* for some o in (0,1), and let d be a metric defined on R by

NI—

d(.’l},y) = (ul(x,x) +u1(y,y) _zul(muy)) ) (612)
then, with  := o /(4 — 2cv), and for some positive constants c and k, then

clz —y|? <d(z,y) <klz -y’ (Jz -yl <). (6.13)

Proof of Theorem 6.4 As d*(z,y) = 2(u1(0,0) — u1(0,y — z)), we will calculate
u1(0,0) — u1 (0, ) which, from (6.9) and (6.10) is given by

u1(0,0) — u1(0,z) =E / e~t1Ha/2 (05, ) (1 — exp(—t*~22%/2%1)) dt.
0
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We can break up the integral into two parts over the pair of intervals [0, 2/ >~%)] and
[22/(2=%) | 50). The former of these has an upper bound of

m2/(2—04)

I < / eot_“o‘/zE(ZWZl)_% dt = kz??.
0
Remembering that (1 — exp(—y)) < y, we can bound the latter as

I

N

o0

1

/ 0343/ 22853 72 dt = ka?P,
22/ (2—a)

using (6.11) to give the finiteness of E(3; 3/ 2.

Hence d(z,y) < k|z — y|?, where
p = /(4 —2a). We can find a lower bound for d by merely considering the first
integral (taking x < 1) as

g2/ 2=a)

L > / eI RPE((2780) T
0

Nj—=

(1—exp(—1/2%1))) dt > ca®. O

We can now use theorems 2 and 8.4 of Marcus and Rosen [28], which say that

Theorem 6.5 (Marcus and Rosen) If X isasymmetric Markov process on R with continuous
1-resolvent uy and local time L = {L(t,x) : t € R, x € R}, and if there exists a non-negative

non-decreasing function & such that

d(z,y) < 6(|lz —yl), (z,y € R)
6(z)dz -
o | 2(log(1/2)F

NI=

then the local time L is continuous on Rt x R almost surely.

We can see immediately that, with 6 (z) = k2”, the local time L of X is continuous
on RT x R. Alternatively, we could apply the results of Barlow [2] to the Lévy process
X. Taking his theorems B(a) and 1, we have that

Theorem 6.6 (Barlow) Fora general o2 satisfying (6.3), there exists a real function y = x(6)
such that
Eexp(i0X;) = exp(—tx(0)), (6.14)

and then all points are regular for X if and only if

< de
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and, if so, then there exists a jointly-continuous version of the local time of X on R if and only

if

and / \/W (6.16)
where  p2(y) = /O ~a _1‘25)((?3))”0 (6.17)

Proof of Theorem 6.6 As X is spatially-symmetric, y is real. In this case the Lévy-

Khinchine representation of x is
X(0) = [ (1= cos(o) v(an). (6.18)

where v is a measure on R* satisfying [(1 A y?) v(dy) < oo, v({0}) = 0. The condition
(6.15) is condition (0.4) of Barlow [2] and guarantees the existence of a local time at

each point. In this case it is also sufficient to give that

/o yv(dy) = oo, (6.19)

which is condition (0.5) of Barlow [2], and ensures that the local time is continuous at

each fixed point. We can see that this holds, using the fact that (1 — cos z) < z, because

1 00
x(0) = /0 (1 — cos(by)) v(dy) +/1 (1 — cos(0y)) v(dy)
1
< 0/0 yv(dy) + 2v(1, oo].

As the latter term is finite, if (6.19) did not hold then (6.15) would not either. The
necessity of (6.15) comes from Theorem 6.1. Everything else will now follow from

Barlow [2], because the function ¢(y) inherits the monotonicity of u; (0, y). O

Note that the function ¢(y) of Theorem 6.6 above is exactly the function d(0, y)
of Theorem 6.5. The process X is also a subordinator, so Eexp(—0%;) = exp(—ty(0))
for a non-negative function 1». Remembering that X; conditional on the height process

has a normal distribution with zero mean and variance ¥;, then

Eexp(i0X;) = Eexp(—10°%;) = exp(—t)(16%)).
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Thus we have an identity between x and v, as x(f) = v¥(16?). In the case where
o%(y) = y~, then () ~ 0/~ and x() ~ '8 for large 6. The critical cases
are going to be when the function o? is slowly varying at 0. Recall that a function
f is slowly varying if f(Az)/f(z) tends to 1 as = tends to a limit (usually either 0 or
infinity), for each positive \. We can re-express the necessary and sufficient conditions

in this case.

Proposition 6.7 If o2 satisfies (6.3), tends to infinity at 0, and is slowly varying at 0, then
there exists a unique (up to asymptotic equivalence) function | = 1(0), slowly varying at
infinity, such that

Z(0)0*(1(0)/V0) -1 asf — . (6.20)

Then X has a local time on R if and only if

> 1(0) do
/1 < o0, (6.21)

0

and, if so, then the function ¢ = @(y) of (6.17) is asymptotically equal to

> 1(0) db
cpz(y) ~ / L, asy — 0, (6.22)
1/y2

where f(x) ~ g(x) means that the limsup and the liminf of f/g are finite and positive

respectively.

Proof of Proposition 6.7 From the definition of ¥, at (6.9) and our expressions for

excursions in the proof of Theorem 6.3, we can write a jump of ¥ as
1 1
AS, = A, / o2 (L) W) ds, (6.23)
0

where W is a scaled Brownian excursion of length 1. Now (1.5.6 of Bingham et al. [10])

for every positive § (small) and K (large), there exists ¢ such that

<9_67 t<t07 yE(O,K],

which is integrable with respect to dy on (0, K], and the left-hand side goes to 1 as ¢

goes to 0. So, by the Dominated Convergence theorem,

1 w
/ o (tW,) ds = / o*(ty)L(1,y)dy ~ o*(t)  ast|O.
0 0
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Nl—=

Thus AS, ~ (A7)0 ((A1)?) as Aty gets small. So for large 6, writing 1 for the Lévy

measure of ¥,

Y —0s = —oto? (v
vO) = [ A= ~ [ -0y Z
because the Lévy measure for (/A7) has density ¢t ~3/2 dt. The function [ = [(f) exists by
1.5.13 of Bingham et al. [10], and if ¢ is set to be I2(6) /6, then §to?(1/t) is asymptotically

1 as 0 gets large. So now

1(0)/6 ) B 00 dt
w(e)ze/ a* (Vi) 2dt+/ 37
0 12(6)/6

zz(e)\/é/o o?(ul(0)/V0) du + %

As before fol o?(ul(0)/V/8) du varies asymptotically with o(1(8) //0) as § grows large,
so by (6.20), () ~ v/8/1(0), and thus x(0) = 1 (36?) ~ 0/1(6?). Condition (6.15) holds

/100%%/100[(020)%: /j"@

is finite. Now we can break up the expression (6.17) for ¢ into two integrals I1 and I,

if and only if

NI—=

as

2 [ (1 —cos(8y)) db > (1 — cos(fy)) db
9D(y)_/o 1+ x(0) +/1/y 1+x(0)

Then we can approximate the integrals asymptotically as

1/y 1
h@%fA w%w=éuwwm~mw%

L [TUeHds > U6/y7) df
Iz(y)N/l/y 7 —/1 7 asy | 0.

So I,/ I behaves like [~ 1(6/y?)/1(1/y*)6~" d§ which goes to infinity as y goes to 0.

Hence the result follows. O

Let us return for a moment to the binary tree of the discrete setting of Chapter

Five. Recalling the model of it introduced at the start of Section 5.4, we have the

oo
r=n

height process a reflecting Brownian motion observed at the points z,, := > "~ a,,

where a,, := Anlwn' We will embed the discrete process in the plane by making the
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horizontal distance between adjacent points onlevel n equal to2~". This is the distance
necessary to preserve the topology and to put all the points of [0, 1] in the boundary.
We remember, from (6.2) and (6.4), that o is merely the ratio of expected infinitessimal
X-movements to expected infinitessimal Y-movements. Then, on level n as Y moves
a,, X moves2~",so

on

7"L7TTL

o(x,) =b L, where b,, :=

As this is a heuristic derivation, we will make the additional simplifying assumption
that b,, is decreasing. Then a, < 2" "a,, (r > n), so z, < 2a,, and thus a,, =~ z,.
Setting ¢, := 22 and 6,, := 2" ~ (t,0 (\/E))_l, then [(0,,) = (t,0,)"* ~ b,. So, by

approximating integrals with infinite sums,

CUO) O (1 N >
/1 N;)( ; 1)1(0n) 3nzzobn,

and ¢?(0;1/?) = / l(@gde ~ Zbr.
en

Thus

1/2 (
= /1 ~ 1§y~ .
0o zy/log( 1/z °8 / ; w 2=

We see now that the conditions (6.21) and (6.16) for existence and continuity of local
times in the continuous case translate back into lines (3) and (4) of Theorem 5.2. This

makes the promised connection between the summation conditions of the discrete case

and our current application of the known conditions in the continuous case.

We can also perform calculations about the Lévy kernel and walk dimension as

we did in Section 5.5, in that:
Proposition 6.8 The process X has a Lévy kernel N as defined in Section 5.5, such that:

(i) For o® slowly varying, as in Proposition 6.7,

dx
22 (z=2)’

and (ii) for o2 (y) = y=<, for some cin (0,1) and with 8 = a/2(2 — «),

N(0,dz) ~

dx
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Then, setting H,, := inf{t > 0: | X;| > x}, the time to exit from the x-ball, then (EH,)™! =
[° N(0,dz), and so

logEH, {1 in case (i),

lim = . g
210 logz 1+28 in case (ii).

Proof of Proposition 6.8 If 1 is the Lévy measure of ¥, then

oo ,—a?/2s
N(O,dw):dm/ ™" Tplds)
0

27s

In case (i), we replace s with to?(v/t) and replace p(ds) with the Lévy measure for
7, t73/2dt. A change of variable to u = v/t/(xl(z~?)), splitting the resulting inte-
gral up into two parts over (0,1) and (1, 00), will then finish the calculation as in

Proposition 6.7.

In case (ii), we need only note that AY ~ (A7)'~%/2 for small increments, so that

p(ds) ~ s~(/2+68) ds. The rest is easy calculus. O

Our final comment on the continuity of local times of X before we move back to
looking at the original Z process, is to find sufficient conditions purely in terms of o

itself:

Corollary 6.9 (Sufficient conditions) If o2 satisfies (6.3), and is slowly varying tending
to infinity at 0, and further satisfies

o(to(t))

o) —1 ast — 0, (6.24)
then X has a local time on R if and only if
boat
and also the function ¢ of (6.17) behaves asymptotically as
Yodt
2 ~
0 (y) ~ /0 to (D)’ asy — 0. (6.26)

Proof of Corollary 6.9 Writing (6.24) as o (v/to (/1)) ~ o(\/t) ast goes to 0, and setting
t = 12(0) /6, where [ is as at (6.20), then 8 ~ (to?(v/t))~! and so

11
o(Vt)  o(1/V8)

as 0 — oo.

1(6) ~
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Thus
/°° 1(0)do _ /°° o 2/1 dt
1 0 1 00(1/V6) o to(t)’
and also - vy
> t
SOZ(Q)%/l/yQ%NZ/O o)’ asy — 0.
Thus the result is proved. O

Example In the case where o2(y) = (10g(1/y))2(1+6), then 1(0) ~ (log#)~(+9, and
(6.21) and (6.25) hold if and only if § is greater than 0. Then the function ¢(y) ~
log(1 o/ 2, and (6.16) will hold if and only if § is greater than 1.

(log(1/y y g

Armed with a jointly-continuous local time for X, we can now proceed to find

one for Z itself.

Theorem 6.10 If L exists and is continuous, then the process Zy = (Xy, Y;) has a local time

LZ on Ry := R x {0} given by
LZ(t,(x,0)) = L(LY (t,0), z), (6.27)

and thus LZ is jointly continuous on RY x Ry,.

Proof of Theorem 6.10 Define L(t,z) := L(LY (t,0), ) which is a continuous function,
increasing in t for each z and only increases when Y; = 0 and X; = z. Recall from
Blumenthal and Getoor [12] that the local time of a process X at a point z is the unique
(up to normalisation) continuous increasing function [(¢) such that /(0) = 0, [ increases

att only if X; = =, and is additively Markovian in the sense that
It + 5,w) = 1(t,w) + U(s, 010),

where 6, is the shift operator defined by X, (6;w) = X, 1+(w). In our case
L(t+s,z,w) = L(t,z,w) + L(s,z,0(1)w),
and  LY(t+s5,0,w)=LY(t,0,w)+ LY (5,0, 60,w).
Thus, because in addition L(s,r,0,w) is constant for u in any interval of the form

[T¢—, T¢], we can write L(t + s, x,w) as L(t, z,w) + L(s, x,0;w). So L is indeed the local

time of Z on R,. O
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We complete this section with a collection of results about Z and LZ which are

now straightforward.

Theorem 6.11 Let LZ = {LZ(t,(x,0)) : t € RT, = € R} be a continuous version of the
local time of Z on Ry. Then

(a) / LZ(t, (x,0))dx = LY (t,0)  (t>0). (6.28)
R

(b) (Occupation density formula) For g a bounded Borel measurable function,

/ 9(X.) LY (ds,0) = / (@) LA (L, (x,0)) dr (¢
0 R

WV

0). (6.29)

(c) If X is recurrent then Z, visits all the points in K by some finite time, for each compact K
in Ro.

Proof of Theorem 6.11

(a) This is immediate from (6.27) and the fact that [, L(t, z) dz = ¢.

(b) For almost all times s, if LY (ds,0) > 0 then 7(LY (s,0)) = s. Thus

/Ot g(X)LY (ds,0) = /Otg<X(T<LY(S7O)>))LY<dS,0)

LY (t,0) B
:/0 g(Xu)du:/Rg(m)L(LY(t,O),m) dx:/g(m)LZ(t, (z,0)) dx.

R

(c) As the local time is continuous, compactness arguments will give this result imme-

diately as long as X is recurrent (see the next Section). O

6.4 Recurrence

We are working here with what is sometimes called “point-recurrence” rather than
‘interval-recurrence’. Point-recurrence means simply that the process will hit points
(Po(T < oo) = 1), whilst interval-recurrence merely means that all neighbourhoods

of a particular point will eventually be hit.

The representations used in Barlow [2], can be equally effective in producing nec-

essary and sufficient conditions for the process X to be recurrent. In essence, whereas
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o had to get large at 0 quickly enough for a local time to exist and be continuous, o
must either stay bounded or not get large too quickly at infinity for the process to be
recurrent. Intuitively, if o is large at infinity, then when Y goes on a large excursion,
X moves a very long way away and may never return. We can produce a composite
theorem which is an analogue of Theorem 6.6, Proposition 6.7 and Corollary 6.9. In
our case, point-recurrence implies regularity as the set C' of Theorem 6.1 is equal to R

if the process hits points.

Theorem 6.12 For a general o satisfying (6.3), there exists a real function x = x(6) such
that
Eexp(i0X;) = exp(—tx(0)).

Then the process X is (point-)recurrent if and only if both all points are reqular for it, and

/0 % ~ 0. (6.30)

Further, if o is slowly varying at infinity, then there exists a unique (up to asymptotic

equivalence) function h = h(0), slowly varying at 0, such that
h*(0)o*(h(0)/V0) -1  asf — 0. (6.31)

Then X is recurrent if and only if

1
R (6.32)
0 6
Further, if o also satisfies
to(t
i CA ) BRSO, (6.33)
a(t)
then X is recurrent if and only if
o dt

Proof of Theorem 6.12 From Theorem 6.1, Ey(exp(—AT}) is proportional to u (0, x)

as x varies, so
U\ (07 .I)
U)\(O, O) ’

]EO (e—)\T(J:)) —
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and so X is recurrent if and only if uy (0, z) ~ u,(0,0) as A goes to 0, for all z. Now, by

(0.10) of Barlow [2], as X is symmetric

1 [ cos(fz) do
u)\(o,l') - 7T/O A"’X(Q) )

so as A tends down to 0,

1 (0.0 — 15 0. ) = %/Ooo (1 —)\c_(')—s;(iig))) do + %/Ooo (1- c;:?(ee)x)) d9. (635)

We want to show that the right hand side of the above line is finite. Firstly we note

that 1 — cos(z) is of size 2 for small x. Precisely we have that az* <1 — cos(x) < 122

for all z in [0, 1], for some a. Thus, for < 1, from (6.18)

1
(0) > af? / 2 u(dy) > P,
0

for some constant a1, and so

1—cos(fz)  2?

< for < (1 Az 1.
x(0) 201 ( )

Finally, as x is increasing, we have for 6 > 1 that

1 — cos(6x) o 4
x(0) T a1+ x(9))

where a; is the constant (1Ax(1)). As X has a local time, (6.15) holds, so we can deduce
that the integral on the right-hand side of (6.35) is finite. Now u(0,0) T u0(0,0) =
fooo x~1(0) db, so if (6.30) holds, then this is infinite and the ratio of u (0, z) to uy (0, 0)
indeed tends to 1. Conversely if (6.30) does not hold, then that and (6.15) together

show that u((0, 0) is finite, and so the ratio tends to a limit strictly less than 1.

To achieve (6.32), we now aim to repeat our calculations of Proposition 6.7.

Again, by 1.5.6 of Bingham et al. [10], for every ¢ (small), there exists Tj (large) such

that
2
ZZEZ; < (u/v)° V (v/u)?, u,v = Tp.
Then
2
t
W Ty <P Vy),  t2 T
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which is integrable with respect to dy on (0, W*|, and the left-hand side goes to 1 as ¢

oty 1 ™,
Jf 2 Y= 2 Jﬁ o (u) du,

which goes to 0 as ¢t goes to infinity. Hence we can deduce that

goes to infinity. Also

1 w*
/ o?(tW,) ds = / o?(ty)L(1,y) dy ~ o*(t) ast — oo,
0 0

and so, by (6.23), AX; ~ (Aft)az((ATt)%) as Aty gets large. We decompose the
representation of v into three integrals as (for K large)

oo

(=) uds)+ [ (1) ulds)

12(9) /6

h*(6)/6

wmzlﬂrw*ﬂwm+/

K

which we denote by I, I; and I3. For small 6
K
L < 9/ s u(ds),
0

L~ / nor taz(ﬁ)ﬂ — Von(s) / 1 o (uh(0)/V0) du =~ V0/h(0),

K t3/2 VEG/h()
I ~ / u(ds) = V0/h(8).
h2(6)/6

So 9(#) ~ V/0/h(0) for small §, and so x(#) ~ 6/h(6?). Thus (6.30) holds if and only if

"h(6*)do | [P h()do
T

Finally, if (6.33) holds, then h(f) ~ o~1(1/v/8) for small § and (6.34) follows as in
Corollary 6.9. O

We note that condition (6.30) is exactly the necessary and sufficient condition of
theorem 16.2 of Port and Stone [30] required for the process to be interval-recurrent.
Thus, the first part of our theorem simply asserts that the process is point-recurrent if
and only if it is both interval-recurrent and regular. Intuitively, backed up by (6.15)
and (6.30), regularity is a local property depending on small jumps (o near zero) and
the behaviour of x at infinity, independent of interval-recurrence which is a non-local

property depending on long jumps (¢ near infinity) and the behaviour of x at zero.
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